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I .-I Symmetry and Groups

Symmetry and Transformation
Symmetry plays a central role in modern theoretical physics.!

As the etymologist tells us, symmetry (“equal measure”) originates in geometry (“earth
measure”). We have a sense that an isosceles triangle is more symmetrical than an arbitrary
triangle and that an equilateral triangle is more symmetrical than an isosceles triangle.
Going further, we feel that a pentagon is more symmetrical than a square, a hexagon more
symmetrical than a pentagon, and an (n + 1)-sided regular polygon is more symmetrical
than an n-sided regular polygon. And finally, a circle is more symmetrical than any regular
polygon.

The n-sided regular polygon is left unchanged by rotations through any angle that is
an integer multiple of 27t /n, and there are n of these rotations. The larger » is, the more
such rotations there are. This is why mathematicians and physicists feel that the hexagon
is more symmetrical than a pentagon: 6 > 5, QED.

To quantify this intuitive feeling, we should thus look at the set of transformations that
leave the geometrical figure unchanged (that is, invariant). For example, we can reflect the
isosceles triangle across the median that divides it into equal parts (see figure 1a).

Call the reflection r; then the set of transformations that leave the isosceles triangle
invariant is given by {I, r}, where I denotes the identity transformation, that is, the
transformation that does nothing. A reflection followed by a reflection has the same effect
as the identity transformation. We write this statementas r - r = I.

In contrast, the equilateral triangle is left invariant not only by reflection across any
of its three medians (figure 1b) but also by rotation R; through 27 /3 = 120° around its
center, as well as rotation R, through 47 /3 = 240°. The set of transformations that leave
the equilateral triangle invariant is thus given by {1, ry, r,, r3, Ry, R,}. That this setis larger
than the setin the preceding paragraph quantifies the feeling that the equilateral triangle is
more symmetrical than the isosceles triangle. Note that R, - Ry = Ry and that R - R, = 1.

For general queries, contact webmaster@press.princeton.edu



© Copyright, Princeton University Press. No part of this book may be
distributed, posted, or reproduced in any form by digital or mechanical
means without prior written permission of the publisher.
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@) (b)

Figure 1

A circle is left invariant by an infinite number of transformations, namely, rotation R(6)
through any angle 0, and reflection across any straight line through its center. The circle
is more symmetrical than any regular polygon, such as the equilateral triangle.

Symmetry in physics

In physics we are interested in the symmetries enjoyed by a given physical system. On a
more abstractlevel, we are interested in the symmetries of the fundamental laws of physics.
One of the most revolutionary and astonishing discoveries in the history of physics is that
objects do not fall down, but toward the center of the earth. Newton’s law of gravitation
does not pick out a special direction: it is left invariant by rotations.

The history of theoretical physics has witnessed the discoveries of one unexpected
symmetry after another. Physics in the late twentieth century consists of the astonishing
discovery that as we study Nature at ever deeper levels, Nature displays more and more
symmetries.?

Consider a set of transformations 7, Ty, - - - that leave the laws of physics invariant.
Let us first perform the transformation 7}, and then perform the transformation 7;. The
transformation that results from this sequence of two transformations is denoted by the
“product” T; - T;. Evidently, if T; and T, leave the laws of physics invariant, then the
transformation 7; - T; also leaves the laws of physics invariant.?

Here we label the transformations by a discrete index i. In general, the index could
also be continuous. Indeed, the transformation could depend on a number of continuous
parameters. The classic example is a rotation R(9, ¢, ¢), which can be completely charac-
terized by three angles, as indicated. For example, in one standard pararnetlrization,4 the
two angles 6 and ¢ specify the unit vector describing the rotation axis, while the angle ¢
specifies the angle through which we are supposed to rotate around that axis.

Groups
This discussion rather naturally invites us to abstract the concept of a group.

A group G consists of a set of entities {g,} called group elements (or elements for short),
which we could compose together (or more colloquially, multiply together). Given any two
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elements g, and gg, the product g, - g4 is equal to another element,* say, g, in G. In other
words, g, - gg = g,,- Composition or multiplication® is indicated by a dot (which I usually
omit if there is no danger of confusion). The set of all relations of the form g, - g5 = g, is
called the multiplication table of the group.

Composition or multiplication (we will use the two words interchangeably) satisfies the
following axioms:T

1. Associativity: Composition is associative: (g, - 8g) " 8, = 8« * (88 * 8y)-

2. Existence of the identity: There exists a group element, known as the identity and denoted

by I,suchthat/ - g, =g, and g, - [ = g,-

3. Existence of the inverse: For every group element g,,, there exists a unique group element,

known as the inverse of g, and denoted by g !, such that g;'- g, =T and g, - g; ' =1.
A number of comments follow.

1. Composition is not required to commute.® In general, g, - gp is not equal to gg - g,. In
this respect, the multiplication of group elements is, in general, like the multiplication of
matrices but unlike that of ordinary numbers.

A group for which the composition rule is commutative is said to be abelian,* and a group

for which this is not true is said to be nonabelian.}

2. Therightinverse and the left inverse are by definition the same. We can imagine mathemat-
ical structures for which this is not true, but then these structures are not groups. Recall (or
read in the review of linear algebra) that this property holds for square matrices: provided
that the inverse M ~! of a matrix M exists, we have M~'M = MM ™! = I with I the identity

matrix.
3. Itis often convenient to denote I by gj.
4. The label « that distinguishes the group element g, may be discrete or continuous.

5. The set of elements may be finite (that is, {g¢, g1, g2, - - - » &,—1}), in which case G is known
as a finite group with n elements. (Our friend the jargon guy’ informs us that n is known

as the order of the group.)

Mathematicians® of course can study groups on the abstract level without tying g; to
any physical transformation, but in some sense the axioms become clearer if we think of
transformations in the back of our mind. For example, gI = Ig = g says that the net effect
of first doing nothing and then doing something is the same as first doing something and

then doing nothing, and the same as doing something. Existence of the inverse says that

the transformations of interest to physics can always® be undone.!”

* This property, known as closure, is sometimes stated as an axiom in addition to the three axioms given
below.

T See also appendices 1 and 2.

T Named after the mathematician Niels Henrik Abel, one of the founders of group theory.

§ As the reader might have heard, in contemporary physics, the theory of the strong, weak, and electromagnetic
interactions are based on nonabelian gauge symmetries. See chapter IX.1.
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Examples of groups

To gain a better understanding of what a group is, it is best to go through a bunch of
examples. For each of the following examples, you should verify that the group axioms are
satisfied.

1. Rotations in 3-dimensional Euclidean space, as already mentioned, form the poster child
of group theory and are almost indispensable in physics. Think of rotating a rigid object,
such as a bust of Newton. After two rotations in succession, the bust, being rigid, has not
been deformed in any way: it merely has a different orientation. Thus, the composition of
two rotations is another rotation.

Rotations famously do not commute. See figure 2.

Descartes taught us that 3-dimensional Euclidean space could be thought of as a linear

1 0
vector space, coordinatized with the help of three unit basis vectors ¢, = < 0 ), Ey = ( 1 )
0 0

0
ande, = ( 0 ) aligned along three orthogonal directions traditionally named x, y, and z. A
1
rotation takes each basis vector into a linear combination of these three basis vectors, and is
thus described by a 3-by-3 matrix. This group of rotations is called SO(3). We shall discuss
rotations in great detail in chapter I.3; suffice it to mention here that the determinant of a

rotation matrix is equal to 1.

Figure 2
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Figure 3

. Rotations in 2-dimensional Euclidean space, namely a plane, form a group called SO(2),
consisting of the set of rotations around an axis perpendicular to the plane. Denote a
rotation through angle ¢ by R(¢). Then R(¢1)R(¢,) = R(¢1 + ¢;) = R(¢2) R(¢y). These
rotations commute. (See figure 3. I was surprised to discover that this bust of Dirac at St.
John’s College, Cambridge University, was not nailed down but could be rotated around the
vertical axis. The photo depicts my attempt to give the bust a half-integral amount of angular

momentum.)

. The permutation group S, rearranges an ordered set of four objects, which we can name
arbitrarily, for example, (A, B, C, D) or (1, 2, 3, 4). An example would be a permutation that
takes1— 3,2 — 4,3 — 2,and 4 — 1. Asis well known, there are 4! = 24 such permutations
(since we have four choices for which number to take 1 into, three choices for which number
to take 2 into, and two choices for which number to take 3 into). The permutation group S,

evidently has n! elements. We discuss S, in detail in chapter 1.2.

. Even permutations of four objects form the group A4. As is also well known, a given
permutation can be characterized as either even or odd (we discuss this in more detail in
chapter 1.2). Half of the 24 permutations in S, are even, and half are odd. Thus, A4 has 12

elements. The jargon guy tells us that A stands for “alternating.”
. The two square roots of 1, {1, —1}, form the group Z, under ordinary multiplication.

. Similarly, the three cube roots of 1 form the group Z; = {1, w, w?} with © = ?*'/3,
Chugging right along, we note that the four fourth roots of 1 form the group Z, =
{1, i, —1, —i}, where famously (or infamously) i = ¢/™/2,
More generally, the N Nth roots of 1 form the group Zy = {¢!Z//N: j =0, ..., N —1}.
The composition of group elements is defined by e 27//N gi2Tk/N — (27 (j+K)/N

Quick question: Does the set {1, i, —1} form a group?
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7. Complex numbers of magnitude 1, namely ¢'?, form a group called U (1), with ¢/#1¢/%2 =
@149 Since ! @+ = ¢i¢, we can restrict ¢ to range from 0 to 27r. At the level of physicist
rigor, we can think of U (1) as the “continuum limit” of Z with ¢!277/¥ — ¢/¢ in the limit
N — oo and j — oo with the ratio held fixed 27 j /N = ¢.

8. The addition of integers mod N generates a group. For example, under addition mod 5 the
set{0, 1,2, 3, 4} formsagroup:24+1=3,3+42=0, 4 4+ 3 =2, and so on. The composition
of the group elements is defined by j - k = j + k mod 5. The identity element I is denoted
by 0. The inverse of 2, for example, is 3, of 4 is 1, and so on. The group is clearly abelian.

Question: Have you seen this group before?

9. The addition of real numbers form a group, perhaps surprisingly. The group elements are
denoted by a real number u and u - v = u + v, where the symbol + is what an elementary
school student would call “add.” You can easily check that the axioms are satisfied. The

identity element is denoted by 0, and the inverse of the element u is the element —u.

10. The additive group of integers is obtained from the additive group of real numbers by

restricting u and v in the preceding example to be integers of either sign, including 0.

11. As many readers know, in Einstein’s theory of special relativity,'! the spacetime coordinates
used by two observers in relative motion with velocity v along the x-direction (say) are related

by the Lorentz transformation (with c the speed of light):
ct’ =cosh ¢ ct + sinh ¢ x
x' =sinh ¢ ct + cosh ¢ x
Y=y
7=z 1)

where the “boostangle” ¢ is determined by tanh ¢ = v. (In other words, cosh ¢ =1/,/1 — Z—;

andsinhg =%/,/1— g—i .) Suppressing the y- and z-coordinates, we can describe the Lorentz

transformation by

(ct’) :<coshq) sinh(p) <ct> P
x' sinh ¢ cosh ¢ x

Physically, suppose a third observer is moving at a velocity defined by the boost angle ¢,
relative to the observer moving at a velocity defined by the boost angle ¢; relative to the first
observer. Then we expect the third observer to be moving at some velocity determined by
@1 and ¢, relative to the first observer. (All motion is restricted to be along the x-direction
for simplicity.) This physical statement is expressed by the mathematical statement that the
Lorentz transformations form a group:

cosh ¢, sinh ¢, < cosh ¢; sinh ¢
sinh ¢, cosh ¢, sinh ¢; cosh ¢;

(cosh(wl +¢,) sinh(p; + @) )
sinh(¢; + ¢,)  cosh(g; + ¢;)

The boost angles add.*

12. Consider the set of n-by-n matrices M with determinants equal to 1. They form a group

under ordinary matrix multiplication, since as was shown in the review of linear algebra,

* To show this, use the identities for the hyperbolic functions.
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the determinant of the product two matrices is equal to the product of the determinants of
the two matrices: det(M;M,) = det(M;) det(M,). Thus, det(M;M,) = 1if det(M;) =1 and
det(M,) = 1: closure is satisfied. Since det M = 1 # 0, the inverse M~ exists. The group is
known as SL(n, R), the special linear group with real entries. If the entries are allowed to be

complex, the group is called SL(n, C). (Matrices with unit determinant are called special.)

From these examples, we see that groups can be classified according to whether they
are finite or infinite, discrete or continuous. Note that a discrete group can well be infinite,
such as the additive group of integers.

Concept of subgroup

In group theory, many concepts are so natural that they practically suggest themselves, 2
for example, the notion of a subgroup. Given a set of entities {g,} that form a group G, if
a subset {/z} also form a group, call it H, then H is known as a subgroup of G and we
write H C G.

Here are some examples.

1. $O(2) C SO(3). This shows that, in the notation {g,} and {4} we just used, the index sets
denoted by « and 8 can in general be quite different; here « consists of three angles and g

of one angle.

2. S, CS, for m < n. Permuting three objects is just like permuting five objects but keeping

two of the five objects untouched. Thus, S; C S;s.
3. A, CS,.
4. Z,C Z,but Z, ¢ Zs.
5. SO(3) C SL(3, R).

Verify these statements.

Cyclic subgroups

For a finite group G, pick some element g and keep multiplying it by itself. In other words,
consider the sequence {g, g2 = gg, g° = g%¢, - - -}. As long as the resulting product is not
equal to the identity, we can keep going. Since G is finite, the sequence must end at some
point with g¥ = I. The set of elements {/, g, g%, - - -, g"~!} forms a subgroup Z,. Thus,
any finite group has a bunch of cyclic subgroups. If k is equal to the number of elements
in G, then the group G is in fact Z;.

Lagrange’s theorem

Lagrange®3 proved the following theorem. Let a group G with n elements have a subgroup
H with m elements. Then m is a factor of n. In other words, n/m is an integer.
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The proof'is as follows. List the elements of H: {hy, h;, - - -, h,,}. (Note: Since H forms
a group, this list must contain /. We do not list any element more than once; thus, i, # h;,
fora #b.) Let g; € G but ¢ H (in other words, g; is an element of G outside H). Consider
the list {h1g1, hy81, - - -, h;,g1}, which we denote by {h{, - - -, h,,}g; to save writing. Note
that this set of elements does not form a group. (Can you explain why not?)

I claim that the elements on the list {h,g¢, hyg1, - - -, h,,81} are all different from one
another. Proof by contradiction: For a # b, h,g; = hy,g1 = h, = h;, upon multiplication
from the right by (g;) ! (which exists, since G is a group).

I also claim that none of the elements on this list are on the list {44, - - -, h,,}. Proof: For
some a and b, h, g, = h;, => g; = h_ 'h;,, which contradicts the assumption that g; is not
in H. Note that H being a group is crucial here.

Next, pick an element g, of G not in the two previous lists, and form {hg,, h,g,, - - -,
hi&} =1{hy, hay, -+, hy}go.

I claim that these m elements are all distinct. Again, this proof follows by contradiction,
which you can supply. Answer: For a # b, h,g, = hj,g, = h, = h;,. I also claim that none
of these elements are on the two previous lists. Yes, the proof proceeds again easily by
contradiction. For example, h,g, = h,g1 = g, = h;lhbgl = h.g1, since H is a group, but
this would mean that g, is on the list {iy, hy, - - -, h,,} g1, Which is a contradiction.

We repeat this process. After each step, we ask whether there is any element of G left that
is not on the lists already constructed. If yes, then we repeat the process and construct yet
another list containing m distinct elements. Eventually, there is no group elementleft (since
G is afinite group). We have constructed & lists, including the original list {1, h;, - - -, h,,},
namely, {hq, by, - -+, hy}gj for j=0,1,2,---, k — 1 (writing I as g).

Therefore n = mk, that is, m is a factor of n. QED.

As a simple example of Lagrange’s theorem, we can immediately state that Z; is a
subgroup of Z;, but not of Zy4. It also follows trivially that if p is prime, then Z, does not
have a nontrivial subgroup. From this you can already sense the intimate relation between
group theory and number theory.

Direct product of groups

Given two groups F and G (which can be continuous or discrete), whose elements we
denote by f and g, respectively, we can define another group H = F ® G, known as the
direct product of F and G, consisting of the elements (f, g). If you like, you can think of
the symbol (f, g) as some letter in a strange alphabet. The product of two elements (f, g)
and (f/, g') of H is given by (f, g)(f', &) = (ff’, gg’). The identity element of H is evi-
dently givenby (1, I),since (I, I)(f, &) =(Uf, 1g) = (f, @ and (f, ), ) =(f1,8]) =
(f, &)- (If we were insufferable pedants, we would write Iy = (I, I;), since the identity
elements Iy, I, I of the three groups H, F, G are conceptually quite distinct.)

What is the inverse of (f, g)? If F and G have m and n elements, respectively, how many
elements does F ® G have?

Evidently, the inverse of (f, g)is (f ', ¢~ 1), and F ® G has mn elements.
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Klein's Vierergruppe V

A simple example is given by Z, ® Z,, consisting of the four elements: 7 = (1, 1), A =
(-1, 1, B=(1, —1), and C = (-1, —1). For example, we have AB = (—1, —1) = C. Note
that this group is to be distinguished from the group Z, consisting of the four elements
1,i, —1, —i. The square of any element in Z, ® Z, is equal to the identity, but this is not
true of Z,. In particular, i? = —1 # 1.

Incidentally, Z, ® Z,, also known as Klein's Vierergruppe (“4-group” in German) and
denoted by V, played an important historical role in Klein’s program.

Note that the elements of F, regarded as a subgroup of F ® G, are written as (f, I).
Similarly, the elements of G are written as (I, g). Clearly, (f, I) and (I, g) commute.

The direct product would seem to be a rather “cheap” way of constructing larger groups
out of smaller ones, but Nature appears to make use of this possibility. The theory of the
strong, weak, and electromagnetic interaction is based on the group* SU(3) ® SU(2) ®
U().

A teeny'* bit of history: “A pleasant human flavor”

Historians of mathematics have debated about who deserves the coveted title of “the
founder of group theory.” Worthy contenders include Cauchy, Lagrange, Abel, Ruffini,
and Galois. Lagrange was certainly responsible for some of the early concepts, but the
sentimental favorite has got to be Evariste Galois, what with the ultra romantic story of
him feverishly writing down his mathematical ideas the night before a fatal duel at the
tender age of 20. Whether the duel was provoked because of the honor of a young woman
named du Motel or because of Galois’s political beliefs’ (for which he had been jailed)
is apparently still not settled. In any case, he was the first to use the word “group.” Nice
choice.

To quote the mathematician G. A. Miller, it is silly to argue about who founded group

theory anyway:

We are inclined to attribute the honor of starting a given big theory to an individual just as we
are prone to ascribe fundamental theorems to particular men, who frequently have added only
asmall element to the development of the theorem. Hence the statement that a given individual
founded a big theory should not generally be taken very seriously. It adds, however, a pleasant
human flavor and awakens in us a noble sense of admiration and appreciation. It is also of
value in giving a historical setting and brings into play a sense of the dynamic forces which
have contributed to its development instead of presenting to us a cold static scene. Observations

become more inspiring when they are permeated with a sense of development.'®

* The notation SU (n) and U (n) will be explained in detail later in chapter IV.4.
T Galois was a fervent Republican (in the sense of being against the monarchy, not the Democrats).
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While symmetry considerations have always been relevant for physics, group theory did
not become indispensable for physics until the advent of quantum mechanics, for reasons
to be explained in chapter IT1.1. Eugene Wigner,'® who received the Nobel Prize in 1963
largely for his use of group theory in physics, recalled the tremendous opposition to group
theory among the older generation (including Einstein, who was 50 at the time) when he
first started using it around 1929 or so.!” Schrodinger told him that while group theory
provided a nice derivation of some results in atomic spectroscopy, “surely no one will still
be doing it this way in five years.” Well, a far better theoretical physicist than a prophet!

But Wigner’s childhood friend John von Neumann,'® who helped him with group theory,
reassured him, saying “Oh, these are old fogeys. In five years, every student will learn group
theory as a matter of course.”?

Pauli?® coined the term “die Gruppenpest” (“that pesty group business”), which probably
captured the mood at the time. Remember that quantum mechanics was still freshly weird,
and all this math might be too much for older people to absorb.

Multiplication table: The “once and only once rule”

A finite group with n elements can be characterized by its multiplication table,?! as shown
here. We construct a square n-by-n table, writing the product g;g; in the square in the ith
row and the jth column:

8j

8i 8i8;j

A simple observation is that, because of the group properties, in each row any group
element can appear once and only once. To see this, suppose that in the ith row, the same
group element appears twice, that is, g;g; = g;g for j # k. Then multiplying by gfl from
the left, we obtain g; = g, contrary to what was assumed. It follows that each of the n
elements must appear once to fill up the n slots in that row. We might refer to this as the
“once and only once rule.”

The same argument could be repeated with the word “row” replaced by “column,” of
course.

For n small, all possible multiplication tables and hence all possible finite groups with
n elements can readily be constructed. Let us illustrate this for n = 4. For pedagogical
reasons, we will do this in two different ways, one laborious,* the other “slick.”

* An undergraduate in my class advised me to include also this laborious way as being the more instructive
of the two ways. I agree with him that textbooks tend to contain too many slick proofs.
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Finite groups with four elements: The slow way
First, we proceed very slowly, by brute force. Call the four elements I, A, B, and C.

1. By definition of the identity, the first row and first column can be filled in automatically:

I A B C

A B C

1
A
B
C

a o o>~

2. We are to fill in the second row with I, B, and C. The first entry in that row is A%. There are
two possible choices: choice (a): A2 = B, or choice (b): A2 = I. (You might think that there
is a third choice, A2 = C, but that is the same as choice (a) upon renaming the elements.
What you call C I will call B.)

Let us now follow choice (a) and come back to choice (b) later.

3. The multiplication table now reads

I A B C
11 A B C
A|lA B 2 3
B|B 4 5 6
c|C

where for your and my convenience [ have numbered some of the boxes yet to be filled in.

4. We have to put C and I into boxes 2 and 3. But we cannot put C into box 3, since otherwise

the fourth column will break the “once and only once rule”: C would appear twice:

I A B C
1|1 A B C
A|lA B C 1
B|B 4 5 6
c|C

5. Again by the “once and only once rule,” box 4 can only be C or I. The latter choice
would mean BA = I and hence B = A~ but we already know from the second row of
the multiplication table that AB = C # I. Thus, box 4 can only be C. Hence box 5 is /, and
6is A.
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6. Finally, the last three blank entries in the fourth column are fixed uniquely by the “once and

only once rule.” We obtain??

I A B C
I |1 A B C
A|lA B C 1
B|B C I A
c|C I A B

Now that we have the multiplication table, we know everything about the group, and
we can ask: What group is this? From the second row, we read off A2=B, A3=AA2=
AB =C, A*= AA3= AC = 1. The group is Z,. Interestingly, we don’t even have to finish
constructing the entire multiplication table. In this simple case, by the time we had filled
in the second row, we could have quit.

The rest of the table, however, provides us with a lot of consistency checks to ensure that
we have not messed up. For example, from the last row, we have CB = A. But we know
from the second row that B = A% and C = A3, and hence the statement CB = A says that
A3A% = A% = A, showing that indeed A* = 1.

We now go back to choice (b): A% = 1, so that

I A B C
1|1 A B C
A|lA I 2 3
B|B 4 5 6
c|c 7 8 9

1. We are to fill boxes 2 and 3 with C and B. By the “once and only once rule” in the third and

fourth columns, these boxes can only be C and B in that order.

2. By the same reasoning, we can only fill boxes 4 and 7 with C and B, respectively. We thus

obtain

/I A B C
1|1 A B C
A|lA I C B
B|B C
C|C B
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3. Now it looks like we could fill in the four remaining empty boxes with either

I|A
Al

or

A

But the two choices amount to the same thing. We simply rename B and C. Thus, we

obtain
I A B C
1|1 A B C
A|lA I C B
B|B C I A
cC|C B A 1

Again, what group is this? Itis just Z, ® Z,: A>=1, B>=1,C = AB = BA (and hence
also C2=1).

A quick way: Construct the cyclic subgroups

Here is an alternative to this laborious procedure of constructing the multiplication table
step by step. We use the earlier observation that in a finite group, if we keep multiplying
an element by itself, we will reach the identity /.

Given a group G of four elements {I, A, B, C}, we keep multiplying A by itself. If
A*=1, then G = Z,. By Lagrange’s theorem, the possibility A*> = I is not allowed. If
A? = I, then we multiply B by itself. Either B2 or B* equals I. The latter is ruled out,
so the only possibility is that B> = I,and AB = BA = C. Then G = Z, ® Z,, with the four
elements represented by (1, 1), (1, —1), (=1, 1), and (-1, —1).

If you are energetic and driven, you could try to construct all possible finite groups with
n elements, and see how large an n you could get to.2® A quick hint: It's easy if n is prime.

Presentations

For large groups, writing down the multiplication table is clearly a losing proposition.
Instead, finite groups are defined by their properties, as in the examples listed above, or by
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their presentations,?* which list the elements (sometimes called generators) from which
all other elements can be obtained by group multiplication, and the essential relations the
generators satisfy. Thus, in a self-evident notation, the groups Z, and Z, ® Z, are defined
by their presentations as follows:

Zy:(A|A*=T) (4)
Z,® Zy: (A, B|A2=B*=1, AB = BA) (5)

The two groups are clearly distinct. In particular, Z, contains only one element that
squares to I, namely A2.

Homomorphism and isomorphism

Amap f:G — G’ ofagroup G into the group G’ is called a homomorphism if it preserves
the multiplicative structure of G, thatis, if f(g1) f (g2) = f(g182)- Clearly, this requirement
implies that f(I) = I (more strictly speaking, the identity of G is mapped to the identity
of G’). A homomorphism becomes an isomorphism if the map is one-to-one and onto.

Now we can answer the question posed earlier: the additive group of integers mod N is
in fact isomorphic* to Zy.

For a more interesting example, consider Z, ® Z,. We use the additive notation here
and thus write the elements as (n, m) and compose them according to (n, m) - (n’, m’) =
(n 4+ n’ mod 2, m + m’ mod 4). We start with (0, 0) and add (1, 1) repeatedly: (0, 0) LD
(1,1) = (0,2) — (1, 3) — (0, 4) = (0, 0); we get back to where we started. Next, we start
with (0, 1) and again add (1, 1) repeatedly: (0, 1) "5 (1, 2) — (0, 3) — (1, 0) — (0, 1),
getting back to where we started. Thus we can depict Z, ® Z, by a rectangular 2-by-4
discrete lattice on a torus (see figure 4).

Now we come in for a bit of a surprise. Consider Z, ® Z; consisting of (n, m), which we
compose by (n +n' mod 2, m + m’ mod 3). Again, we start with (0, 0) and add (1, 1) re-
peatedly: (0,0) > (1, ) " (2,2= (0,2 > (1,3 =(1,0) > 2, )= (0, 1) — (1,2) —
(2, 3) = (0, 0). We are back where we started! In the process, we cycled through all six ele-
ments of Z, ® Z3. We conclude that the six elements (0, 0), (1, 1), (0, 2), (1, 0), (0, 1), and
(1, 2) describe Zg,.

Thus, Z, ® Z3 and Zg are isomorphic; they are literally the same group. Note that this
phenomenon, of a possible isomorphism between Z, ® Z, and Z,,, does not require p
and ¢ to be prime, only relatively prime. (Consider the example of Z, ® Z,.)

As another example of isomorphism, the groups SO(2) and U(1) introduced earlier

in the chapter are isomorphic. The map f : SO(2) — U(1) is defined simply by f(R(¢))
=e'?,

* That the additive group of integers mod N is also isomorphic to the multiplicative group Z, foreshadows
the confusion some students have between the addition and multiplication of angular momenta in quantum
mechanics. We discuss this later in chapter IV.3.
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0,3 (1,3)

0,2 (1,2

o,1 (1,1

(0,0) (1,0
7z, ®2Z,

Figure 4

Appendix 1: Weakening the axioms

Two of the three axioms that define a group can in fact be weakened to the following:
2'. Existence of the left identity: A left identity I exists, such that for any element g, Ig = g.
3'. Existence of a left inverse: For any element g, there exists an element f, such that fg = I.

We now show that these imply axioms 2 and 3 given in the text. In other words, given the left identity and the
left inverse, we are guaranteed that the right identity and the right inverse also exist.

Take the left inverse f of g. By 3, there exists an element k, such that kf = I. Multiplying this by g from
the right, we obtain (kf)g = Ig = g = k(fg) = kI, where the second equality is due to 2, the third equality to
associativity, and the fourth equality to 3'. Therefore g = k1. We want to show that k = g.

To show this, let us multiply g = kI by I from the right. We obtain g/ = (kI)I = k(II) = kI = g, where the
second equality is due to associativity, and the third equality to 2, since I also qualifies as “any element.” Thus,
gl = g, sothat I is also the right identity. But if 7 is also the right identity, then the result g = kI becomes g = k.
Multiplying by f from the right, we obtain gf = kf = I. Therefore, the left inverse of g, namely f, is also the
right inverse of g.

Appendix 2: Associativity

Mathematically, the concept of a group is abstracted from groups of transformations. To physicists, groups are
tantamount to transformation groups. In fact, if we are allowed to think of group elements as acting on a set of
things S = {py, p,, - - -}, we can prove associativity. The “things” could be interpreted rather generally. For the
geometrical examples given in this chapter, p; could be the points in, for example, a triangle. Or for applications
to fundamental physics, p; could be some physical law as known to a particular observer, for example, an inertial
observer in discussions of special relativity.

Suppose the group element g takes p; — pj, p, = pj, - - -, so that the things in S are rearranged (as, for
example, when a triangle is rotated). Suppose the group element g’ takes p} — p, p) — pj, - - -, and the group
element g” takes p} — p{’, pj — p}', - - -, and so on.

Now consider the action of g”(g’g) on S. The element g'g takes p; to p;.’ , and then the element g” takes p;.’

"

to P
takes p’/ top

"l

. Compare this with the action of (¢”g’)g on S. The element g takes p; to p}, and then the element g"g
a
J
Most physicists I know would probably regard this kind of fundamental proof as painfully self-evident.

. The final result is identical, and associativity is proved.
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Appendix 3: Modular group

The modular group has become important in several areas of physics, for example, string theory and condensed
matter physics. Consider the set of transformations of one complex number into another given by

az+b
N

cz+d (©)

with a, b, ¢, and d integers satisfying ad — bc = 1. The transformation (6) can be specified by the matrix

b
M:(a d) with det M =1 (7)

c

Clearly, M and —M correspond to the same transformation in (6).

In the text, I introduced you to SL(n, R), the special linear group of n-by-n matrices with real entries, and
SL(n, C), the special linear group of n-by-n matrices with complex entries. The matrices in (7) define the group
SL(2, Z), the special linear group of 2-by-2 matrices with integer entries.* The group that results upon identifying
M and —M in SL(2, Z) is known as PSL(2, Z) (the letter P stands for “projective”), otherwise known as the
modular group.

The transformation in (6) can be generated by repeatedly composing (that is, multiplying together) the two
generating transformations

S:z—>—1 8)
z
and
T:z—z+1 9)

They correspond to the matrices S = < _01 é) and T = (é i) respectively.
Using the language of presentation introduced in the text, we can write

PSL(2,Z):(S,T|8*=1, (ST’ =1) (10)

Incidentally, the modular group can be generalized to the triangular group 7, denoted by (2, 3, n) and
presented by

TS, T|S*=1, (ST)*=1, T"=1) (11)

The modular group is thus sometimes written as (2, 3, o).

Exercises

1 The center of a group G (denoted by Z) is defined to be the set of elements {z;, z,, - - -} that commute with
all elements of G, that is, z;g = gz; for all g. Show that Z is an abelian subgroup of G.

2 Let f(g) beafunction of the elementsina finite group G, and consider the sum 3. ; f (). Prove the identity
Y e F (&) =g F(88) =X e f(g'g) for ¢ an arbitrary element of G. We will need this identity again
and again in chapters I1.1 and I1.2.

* In mathematics, Z denotes the set of all integers, of either sign, including 0.
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Show that Z, ® Z, # Zg.

Find all groups of order 6.

Notes

V1AW N =

10.
11.
12.

13.

14.
15.

16.

17.

18.

19.

. See Fearful.

. See parts VII and VIII.

. We go into this in detail in chapter III.3.

. See chapter IV.7.

. Of course, we could also be more abstract and say that a group G is a structure endowed with the map

(G, G) — G and so on and so forth.

. In Strange Beauty, the biography of Murray Gell-Mann by G. Johnson, the following explanation about

commutation is mentioned. When Gell-Mann was admitted only to MIT rather than the graduate school
of his choice, he resolved to kill himself. But then he realized that killing himself and attending MIT do not
commute, and so decided that he should go to MIT first and kill himself later, rather than the other way
around.

. He is one of several characters that populate my previous books Quantum Field Theory in a Nutshell and

Einstein Gravity in a Nutshell. Hereafter QFT Nut and G Nut, respectively.

. In the late nineteenth century, mathematicians felt that, with group theory, they had finally invented

something of no use to the physicists. See p. vin R. Gilmore, Lie Groups, Lie Algebras, and Some of Their
Applications.

. Note the conceptual distinction between transformation and invariance. For example, the laws governing

the weak interaction are famously not invariant under the interchange of left and right (known as a parity
transformation P). But, regardless of whether a given law is invariant under parity, we still have P - P = 1.
This unfortunately is not true of many transformations in everyday life, such as cooking and aging.

See, for example, G Nut.

I once had a math professor who spoke of self-proving theorems. In the same sense, there are self-suggesting
concepts.

Lagrange fell into a deep depression in his old age. Fortunately for him, the daughter of Lemonnier, an
astronomer friend of Lagrange’s, managed to cheer him up. Almost forty years younger than Lagrange, the
young woman offered to marry him. Soon Lagrange was productive again. “Mathematicians Are People,
Too,” by L. Reimer and W. Reimer, p. 88.

“Teeny bit of history,” because you can easily read your fill on the web.

“The Founder of Group Theory” by G. A. Miller, American Mathematical Monthly 17 (Aug—Sep 1910), pp.
162-165. http://www.jstor.org/stable/2973854.

My senior colleague Robert Sugar, who took a course on group theory at Princeton from Wigner, told me the
following story. On the first day, Wigner asked the students whether they knew how to multiply matrices.
Given Wigner’s reputation of delivering long dull discourses, the students all said yes of course, and in
fact, as graduate students at Princeton, they all knew how to do it. But Wigner was skeptical and asked a
student to go up to the blackboard and multiply two 2-by-2 matrices together. The guy did it perfectly, but
unfortunately, Wigner used a convention opposite to what was (and still is) taught in the United States.
Wigner was convinced that the students did not know how to multiply matrices, and proceeded to spend a
week tediously explaining matrix multiplication. If you look at the English edition of Wigner’s group theory
book, you would read that the translator had, with Wigner’s permission, reversed all of his conventions.
The stories Wigner told about the early days of group theory used here and elsewhere in this bookare taken
from The Recollections of Eugene P. Wigner as told to Andrew Szanton, Plenum Press, 1992.

As youmight have heard, the four Hungarians, Leo Szilard, Eugene Wigner, John von Neumann, and Edward
Teller, all Jewish, formed a legendary group that had major impact on physics. Listed here in order of age,
they were born within 10 years of one another. Wigner considered himself to be the slowest of the four, and
anecdotal evidence suggests that this assessment is not due to exaggerated modesty; yet he is the only one
of the four to have received a Nobel Prize.

Well, not quite—not even close.
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20.

21.

22.
23.
24.

This surprises me, since one of Pauli’'s famous contributions involves group theory. See the interlude to
part VII. From what I have read, Pauli was brilliant but mercurial and moody, and always ready for a good
joke.

As a child you memorized the standard 9-by-9 multiplication table; now you get the chance to construct your
own.

Conspiracy nuts might notice that the acronym CIA appears not once, but four times, in this table.
Mathematicians have listed all possible finite groups up to impressively large values of n.

As in the rather old-fashioned and formal “May I present [Title] So-and-so to you?”
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Page numbers for entries occurring in notes are followed by an n.

(1+1)-dimensional Minkowski spacetime in
light cone coordinates, 522

2-by-2 matrices: inverting, 8-10; working with,
2-3

2-entry vectors, 2

3-by-3 matrices, inverting, 8

3-dimensional space: harmonic oscillators in,
323; invariance group of, 298; irreducible
representations in, 122-123; planes specified
in, 77; rotations in, 40, 77

Abel, Niels Henrik, 39n, 45

abelian groups, 39

absolute time, fall of, 429—430

accidental degeneracy: description of, 491; and
periodic table, 495-496

action principle: local vs. global, 178; for
particle position, 176-177

addition: of angles, 428n, 433n; of angular
momentum, 217; closure in, 39n; group
generation from, 42; Lorentz group
representation of, 92; of matrices, 19;
representation of, 428; of velocities, 266-267,
512

additive groups of real numbers, 91-92, 428

adjoint representations: in Dirac equation,
476-477; of general Lie algebras, 365; of
rotation group representation, 198-199; of
SO(N), 199-201; of SU(N), 240-242

al-Haytham, Ibn, 152

algebras: angular momentum, 213-214;

Bargmann, 511n; Cartan, 367; for character
tables, 120, 132-133; class, 111-113; Clifford
(see Clifford algebras); conformal (see
conformal algebra); extending, 505, 509
513; Frobenius, 111; Heisenberg, 212-213;
Lie (see Lie algebras); linear (see linear
algebra); Lorentz (see Lorentz algebras);
orthogonal (see spinor representations of
orthogonal algebras); for SU(N), 235-238;
for symplectic groups, 280-281

angles: in conformal algebra, 517; with Dynkin
diagram roots, 384-386; full from half,
249-250; in Killing-Cartan classification,
376-377, 382-383; of root vectors, 330; in
theory of special relativity, 42

Angstrom, A. ., 496n

angular momentum: addition of, 217; Clebsch-
Gordan decomposition in, 219-224;
combining, 224; Dirac construction of, 214;
of electron spin, 255; Jordan-Schwinger
construction of, 213-214; multiplying
ladders, 217-219; quantized, 216-217

annihilation operators: in Heisenberg algebra,
212-213; in quantum field theory, 285-286

anti-up quarks, 546

antielectrons: description of, 483n; in gauge
theories, 535

antimatter, 482; charge conjugate of fields,
486; charge conjugates of spinor transforms
as spinors, 485; charge conjugation and
pseudoreality, 485; charge conjugation in
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antimatter (continued)
Dirac and Weyl bases, 483—484; Majorana
equation and neutrinos, 486—487; Majorana
Lagrangian, 487-488; Majorana spinors,
489; momentum space, 490; prediction
of, 482-483; spin 1/2 fields and particles,
488-489

antineutrino fields, 551-552

antiquarks, 319-320

antiself-dual rotation groups, 197

antiself-dual tensors, 440-442

antisymmetric symbol: and determinants,
17-18; in N-dimensional space, 191

antiunitary operator, 257-258

approximate symmetry: isospins as, 306; in
physics, 303-304

Arnold, V. L., 202n

associativity: of groups, 39, 51; of matrices,
6-7

axes, rotation around, 81

axis-angle parameterization of group
manifolds, 263-264

B — L in proton decay, 548-549

Baker-Campbell-Hausdorff formula, 80

Balmer, Johann, 495

Balmer series, 494

Bargmann algebras, 511n

Bargmann, Valentine, 511n

baryons: discovery of, 163; in Eightfold Way,
318-319; mass splitting of, 341-342; and
SU(3), 322; tenth particles, 231

bastards, spherical, 85n

Bessel functions: for Euclidean group, 297-
298; in group theory, 243n; from spherical
harmonics, 508n

Bethe, Hans, 292

Bigollo (Pisano nickname), 134n

bilinears: Dirac, 478; in unification theory, 545

binary code in spinor representations, 410

Bjorken-Drell convention, 513n

black-white symmetry in Dynkin diagrams,
387-388

Bloch’s theorem, 165-166

Bohr, Niels, 216, 255

Bohr radius, 216

boost angles: for Lorentz groups, 98, 266; in
theory of special relativity, 42

boost operators in Galilean transformations,
446

Born, Max, 167n

Bose-Einstein statistics, 533

bosons, 531; interacting, 533; in unification,
546; in weak interaction, 536

bottom quarks, 532

bras, Dirac’s, 29-31

Bravais, Auguste: and crystallography, 149n;
lifetime dates, 567

breaking: SO(18), 562; SU(3), 321, 337-340;
symmetry, 294

Brillouin zone: in Kitaev chains, 502; in
noninteracting hopping electrons, 498; in
quantum mechanics, 165-166

Cartan basis in Lie algebras, 372

Cartan, Elie: Killing-Cartan classification of Lie
algebras (see Killing-Cartan classification of
Lie algebras); Lie algebra classification by,
364; and Lie group recovery, 84; lifetime
dates of, 567

Cartan-Killing metric, 366

Cartan matrix: and Chevalley basis, 400; and
Dynkin diagrams, 399-400

Cartan subalgebra: description of, 351n; for
general Lie algebras, 367

Cartesian basis in Lie algebras, 367-368

Cartesian coordinates in rotation, 70-71

Casimir invariant: for Poincaré algebra, 443;
for SO(3) groups, 210

castes, 242n

Cauchy, Augustin-Louis, 45

Cayley, Arthur, lifetime dates of, 567

Cayley’s theorem, 55

central charge: and de Broglie’s relation,
512-513; mass as, 510-512

central force problem, 168

Chadwick, James, 303

chains: in Killing-Cartan classification,
378-379; Kitaev, 501-504

character orthogonality: for compact
continuous groups, 261; of group manifolds,
268-269; in representation, 104

character tables: 3-dimensional irreducible
representation, 122-123; approaches to,
132-133; characters of A3, 115; characters
of Ay, 121-122, 124125, 131; characters
of As, 130-132; characters of S3, 116—
117; characters of Ss, 128-130; constraints
on, 114-115; for cyclic groups, 116;
determining, 120; for dihedral groups, 125—
127; fixed points, 118-119; Hardy’s criteria,
128; invariance group of tetrahedrons,
121-122, 131; for inverse classes, 120;
for quarternionic groups, 127-128; in
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representation, 104-106; representation
matrices from, 117-118; squareness of,
108-109, 111-112; tray method, 123; vertex
exchange in, 123-124

characteristic polynomial of symplectic
matrices, 281

characters: of Aj, 115; of A4, 121-122, 124—
125, 131; of As, 130-132; direct product
representations, 98-99; as function of class,
93; for irreducible representation breakup,
293-294; for product decomposition, 290—
291; of regular representation, 107-108; of
rotation, 261-262; of S3, 116-117; of S,
128-130

charge conjugation: in Dirac and Weyl bases,
483-484; of fields, 486; and pseudoreality,
485; of spinor transforms as spinors, 485

charm quarks, 532

Chevalley basis: and Cartan matrix, 400;
overview, 363

chromodynamics: and “27,” 340; description
of, 535; gauge bosons for, 241n

circular basis in Lie algebras, 367-368

class algebra representations, 111-113

classes: character as function of, 93;
equivalence, 58-59; facts about, 59;
Frobenius groups, 155-157

classification of Lie algebras: Killing-Cartan (see
Killing-Cartan classification of Lie algebras);
overview, 347

Clebsch, Alfred, lifetime dates of, 567

Clebsch-Gordan decomposition: coefficients
in, 222-224; for group manifolds, 269-270;
overview, 219-222

Clifford, William Kingdon: lifetime dates of,
567; theory of gravity by, 427n

Clifford algebras: in Dirac equation, 470—-471;
and Dirac spinors, 476; in electromagnetic
fields, 483; in family problem, 561; for SO (2)
and SO(3), 418; for spinor representations,
405-407; for tensor decomposition, 416

climbing up and down on ladders, 204-205

closed curves, homotopy of, 270-271

closing of orbits, 492

closure property, 39n

coefficients in Clebsch-Gordan decomposition,
222-224

Coleman, Sidney, 312, 324n

Coleman-Glashow formula, 343n

color: hypercolor, 563-564; for quarks, 532,
534, 536, 538, 556-558

column vectors in matrices, 2
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commutativity: of groups, 39; of matrices, 6; in
root diagrams, 331

commutators and commutator subgroups: in
conformal algebra, 520; Lie, 78-80; overview,
67; in root determination, 348-349

commuting generators: in Lie algebras, 367;
rank and maximal number of, 350-352

compact groups: character orthogonality for,
261; vs. noncompact, 97-98, 266-267

complex characters in inverse class, 120

complex conjugates in spinor representations,
412415

complex matrices, 31-32

complex numbers: groups of, 42; in matrices,
19; in quantum physics, 228; and
quarternions, 33n; representation of, 136

complex symmetric matrices, 31-32

complex vector space, scalar products in, 22

composition series for finite groups, 66

concealing unwanted particles, 562-563

condensed matter physics: Dirac equation in,
497-500; Majorana equation in, 501-504

conformal algebra: angles in, 517; flat
spacetime for, 517; generators in, 517-520;
identifying, 521-522; inversion in, 518-519;
transformations in, 515-517

conformal Killing condition, 516-517

conjugates: and neutrinos, 535-536;
representations of, 136-137; in spinor
representations, 412-415; Weyl spinors, 464

connected components of Lorentz groups, 447

conservation: of lepton numbers, 487; and
symmetry, 180

conservation laws in unification, 548-549

conserved momentum, 439

constraints: on character tables, 114-115;
on lengths and angles in Killing-Cartan,
376-377

continuous groups: character orthogonality for,
261; and manifolds (see group manifolds)

continuous labels from discrete, 284-286

contraction: and flat earth, 507-508; of indices
in rotation group representation, 193; and
Jacobi identity, 513; of Lorentz algebra to
Galilean, 508-509; Lorentz invariance in,
509; notion of, 507

contravariant indices, 233n

coordinates: on coset manifolds in expanding
universe, 526-527; in force law, 176;
spacetime, 42; in trigonometry, 70

coset manifolds: in expanding universe,
526-527; spheres as, 273-274, 523-524
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cosets, 6465

count components of matrices, 26-27

coupled linear equations, 1-2

coupling strength: of pions, 308; of strong
interaction, 307

covariance in motion, 180

covariant equations, 176

covariant indices, 233n

Coxeter groups, 61-62

Cramer, Gabriel: inverse matrix formula by, 18;
lifetime dates of, 567

Cramer’s formula, 18

creation operators: in Heisenberg algebra,
212-213; in quantum field theory, 285-286

cross sections and isospin, 305-306

crystal field splitting: characters in, 293-294;
impurity atoms in, 292-293; SU(3) analog
for, 320-322; symmetry breaking in, 294

crystals, 146; and crystallography, 146; in
five-fold symmetry, 147-149

cubes, character tables for, 132-133

curved spaces, metric for, 515-516

curves, homotopy of, 270-271

cutting Dynkin diagrams, 389-390

cycles of finite groups, 56-57, 59-60

cyclic groups, 116

cyclic subgroups: creating, 49; description of,
43

cylindrical symmetry, 297

d’Alembert, Jean-Baptiste le Rond, 1

d-dimensional de Sitter spacetime, 524

d-fold degeneracy, 162

d symbols, 335-336

Darwin, C. G., 259

de Broglie wave, 498

de Broglie’s relation and central charge,
512-513

de Laer Kronig, Ralph, 259n

de Sitter spacetime, 524, 526

de Sitter universe, 509

decay: and “27,” 342; gauge bosons for, 559n;
proton, 546-548

decomposition: Clebsch-Gordan, 219-224,
269-270; of group manifolds, 269-270;
polar, 31; of products, 290-291; in rotation
group representation, 195-196; of spinors,
421-424

degeneracy: accidental, 491; Kramer’s, 258
259; mystery of, 162; and periodic table,
495-496; representations from, 163;
symmetry implication of, 162-163

degrees of freedom: in Dirac equation

derivation, 471-472; of photons, 444; and
Weyl spinors, 458

derived subgroups, 62-63

determinants: and antisymmetric symbol, 17—
18; description of, 7-8; evaluating, 15-17;
general properties of, 14-15; identity for, 29;
iterative evaluation of, 11-13; and Laplace
expansion, 9-11, 17; and permutations, 13—
14; of products, 27-29; of rotation matrices,
41; summary, 18

deuteron production in nucleon-nucleon
collision, 305-306

diagonal form of matrices, 16-17

diagonalization of matrices, 23-26

dialects of Lie algebras, 380-381

die Gruppenpest, 46, 324n

differential operators vs. matrices, 82

dihedral groups: character tables for, 125-127;
overview, 60—-61

dimensions of SU (3) tensors, 314-315

Dirac, Paul Adrien Maurice: and Feynman,
481n; lifetime dates of, 567; and quarks, 255

Dirac bases: charge conjugation in, 483-484;
from Weyl basis, 479

Dirac construction of angular momentum
algebra, 214

Dirac equation: Clifford algebra and gamma
matrices in, 470-471; in condensed matter
physics, 497-500; degrees of freedom
in, 471-472; deriving, 452-454; Dirac
bilinears in, 478; Dirac Hamiltonian in,
478-479; Dirac Lagrangian in, 477, 479—
480; disguised Dirac equation in, 472-473;
in electromagnetic fields, 482-483; Lorentz
generators and adjoint representation in,
476-477; Lorentz transformations in, 475—
476; mass possibilities in, 468-469; massive,
500; original path for, 474-475; overview,
450; projections boosted into arbitrary
frames, 473; representation of, 454—455;
rotation subgroup restrictions in, 455-456;
spinor representations in, 456—459; spinors
in, 468-469; SU (2) doublet representation
of, 458; and Weyl equation, 459-460, 463—
464; Weyl equation from, 473—474; Weyl
spinor transformations in, 457

Dirac-Feynman path integral, 178

Dirac mass bilinear: and electron mass, 539; in
unification theory, 545

Dirac mass vs. Majorana mass, 551-552

Dirac spinors: description of, 468; Lorentz
transformations of, 475-476; from Weyl
spinors, 458-459
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Dirac’s bra, 29-31

direct product: in gauged universe, 536—
537; of groups, 44-45; of matrices, 29;
representations of, 98-99

direct sum representation, 98-99

discrete labels from continuous, 284-286

distance squared between neighboring points
rotation method, 75

Divine Providence, 178

division algebras, 19

division of matrices, 19

Doppler effect in de Broglie, 512

dot products, 2; in complex vector space, 22;
between roots in Lie algebra generators, 371;
with vectors, 71

double covering: of Lorentz groups, 445; and
quantum mechanics, 250; and spinors,
408-409; SU (2), 246, 273

double tetrahedral groups, 299-300

doublet representation of SU(2), 458

down quarks, 531-532

dual tensors in rotation group representation,
192

dummy indices, 5

Dundes, Alan, 68n

dynamical degeneracy, 491

Dynkin, Eugene Borisovich: diagram invention
by, 401n; lifetime dates of, 567

Dynkin diagrams: and Cartan matrix, 399—
400; constructing, 386; cutting, 389-390; for
exceptional algebras, 397-399; F, discovery,
393-394; invention of, 401n; looking for,
394-396; for low-ranked algebras, 388—
389; and Platonic solids, 396-397; for roots,
384-386; for SO(8), 563; symplectics and
black-white symmetry, 387-388; theorems
about, 390-393

Dyson, Freeman, 448n

E(2) groups: induced representations of, 297
298; infinite-dimensional representations
of, 296-297; Lie algebras for, 296; overview,
295-296; SO (3) contraction to, 508

effective field theory approach, 310

Ehrenfest, Paul, 259

eigenfunctions in Hamiltonian, 162

eigenvalues: in Hamiltonian, 162; for matrices,
20-21; in triangular molecule, 174

eigenvectors: for Dirac’s bra, 30; for matrices,
20-21

Eightfold Way, 318-319, 323

Einstein, Albert: and Galilean transformations,
429-430; Gedanken experiment, 428n;
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repeated index summation, 5-6; search for
gravity theory by, 180

electric charge: conservation of, 487; in
electromagnetism, 287; on electrons, 532;
fractional, 255; and invariance, 242; and
pions, 304-305; of quarks, 538; in SU(3),
322-323

electromagnetic fields: Dirac equation in,
482-483; and Lorentz tensors, 440

electromagnetism: under Galilean
transformation, 429; in gauged universe,
533, 537-538; and isospin, 304; and proton
and neutron mass, 303; U (1) symmetry of,
287

electron-neutrinos, 532-533

electron spin: discovery of, 244, 255-256;
Kramer’s degeneracy, 258-259. See also spin
1/2

electrons: and accidental degeneracy, 495—
496; in Dirac equation, 452; in Fermi sea,
499; in gauge theories, 535; mass in gauged
universe, 538-539; noninteracting hopping,
497-498; slow and fast, 479; spin precession
of, 256-257; wave function, 256

elliptical orbits, determining, 492

embedding unitary groups into orthogonal
groups, 419-420

energy and momentum, 439

energy spectrum, 494-495

equations: coupled linear, 1-2; Dirac (see
Dirac equation); Euler-Lagrange, 177, 285;
Klein-Gordon, 451-452, 474-475; Majorana,
486487, 501-504; Maxwell, 451, 515; of
motion in physics, 450-452; Schrodinger
(see Schrodinger equation); Weyl (see Weyl
equation)

equivalence classes: and irreducible
representations, 299-300; overview,
58-59

equivalent representations, 93-94

Euclidean group E(2): induced representations
of, 297-298; infinite-dimensional
representations of, 296-297; Lie algebras for,
296; overview, 295-296; SO (3) contraction
to, 508

Euclidean space, 527

Euclid’s time, 435

Euler, Leonhard: lifetime dates of, 567;
productivity of, 153n

Euler-Lagrange equation: letter from Lagrange,
181n; for particle position, 177; in quantum
field theory, 285

Euler’s ¢-function, 151-152
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evaluating determinants, 15-17

even permutations, 41, 57

exceptional algebras, Dynkin diagrams for,
397-399

expanding universe: coordinates on coset
manifolds and observational astronomers,
526-527; group theory behind, 524; spheres
as coset manifolds in, 523-524; writing out
SO(d —1,1)/50(d, 1), 524-526

exponentiating Lie algebra, 84

extending algebras: description of, 505;
Galilean, 509-513

F, discovery, 393-394

family problem: hypercolor in, 563-564;
irreducible representation hope for, 561—
562; overview, 560; quarks and leptons in,
561; of triplicated matter, 532; unwanted
particles in, 562-563

fast electrons, 479

Feinberg, Joshua, 282n

Fermat, Pierre: birth date of, 178n; least time
principle for light, 178; lifetime dates of, 567

Fermat's little theorem, 151-153

Fermi, Enrico, 425

Fermi sea, 499

Fermi-Yang model, 310

fermions: in family problem, 561; in gauge
theories, 534-535, 546; Higgs mechanism
for, 562; hypercharges of, 538; and
hypercolor, 563; in Kitaev chains, 501;
overview, 531-533; for spinor description,
425-426; in unification, 546-548, 551, 562

Feynman, Richard: and “27,” 337, 340, 342;
and action principle, 178; and Dirac,
481n; “Freshman lectures,” 497; on mass
problem, 564n; on names, 383n; “shut up
and calculate” school of physics, 193; and
Wilson’s theorem, 150

Feynman diagrams, 307-308

Feynman slash notation, 470

Fibonacci, 134n

field theory: continuous labels from discrete,
284-286; executive summary for, 287-288;
Lagrangians with internal symmetries, 286
287; overview, 284-286; symmetry groups
in, 286

fields: crystal (see crystal field splitting); in
matrix operations, 19; vs. particles, 488; Weyl
(see Weyl fields)

finite dimensional nonunitary representations
of Lorentz groups, 459

finite groups: commutators and commutator

subgroups, 67; composition series and
maximal invariant subgroup, 66; cosets
and quotient, 64-65; Coxeter, 61-62; cycle
structure and partition of integers for,
59-60; cycles and transpositions of, 56;
derived subgroups, 62-63; description of,
39; dihedral, 60-61; equivalence classes, 58—
59; generating, 99-100; invariant subgroups,
62-66; irreducible representations of,
289-291; isomorphic, 55; multiplying
permutations, 56-57; permutation groups
and Cayley’s theorem, 55; quarternionic, 61;
simple, 63—64; square root of identity, 58

finite relative velocities, 432433

five-fold symmetry and crystals, 147-149

fixed points and character tables, 118-119

flat earth, reverting to, 507-508

flat spacetime for conformal algebra, 517

formalism in theoretical physics, 179

founders of group theory, 45-46

Fourier, C., 113n

Fourier series: for group manifolds, 269;
identity motivating, 116

Fourier transform: to momentum space,
460-461, 490; for noninteracting hopping
electrons, 497498, 502-503

free indices, 5

freedom from anomaly, 550

Frobenius, Ferdinand Georg, lifetime dates of,
567

Frobenius algebra, 111

Frobenius groups: classes and irreducible
representations, 155-157; description of, 154

full angles from half angles, 249-250

function of class, character as, 93

functions of matrices, 27

Galilean algebras: contraction from Lorentz,
508-509; extending, 509-513

Galilean invariance, 311n

Galilean transformations: vs. Lorentz, 431-
432; and missing halves, 445-447; overview,
428-430

Galois, Evariste: as group founder, 45; lifetime
dates of, 567

gamma matrices, 469-470, 473

gauge bosons, 531; in unification, 546; in weak
interaction, 536

gauge theories, constructing, 533-534

gauged universe, 529; direct product structure
in, 536-537; electromagnetism in, 537-538;
electron mass in, 538-539; gauge theories,
533-534; interacting gauge bosons in, 533;
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neutrinos and conjugate partners in, 535—
536; quarks and leptons in, 531-533; strong
interaction and SU (3), 534-535; universe
described by, 539-540; weak interaction and
SU(2) in, 536

Gedanken experiment, 428n

Gell-Mann, Murray: and “27,” 340; as
commutation example, 53n; and Eightfold
Way, 318-319; in gauge theories, 534;
and haute cuisine, 33n; Lie algebras listed
by, 551n; matrix discovery by, 243n; and
names, 383n; quark color number named
by, 532; quarks introduced by, 255, 319;
tenth baryonic particle predicted by, 230

Gell-Mann matrices: discovery of, 243n; for
SU(3), 325-327; for SU(N), 236239

Gell-Mann Nishijima formula, 537

Gell-Mann-Okubo mass formula, 339-340

general Lie algebras: adjoint representation
of, 365; Cartan basis in, 372; Cartan-Killing
metric in, 366; Cartan subalgebra for, 367;
Cartesian basis to circular basis in, 367-
368; defined, 364-365; Jacobi identity in,
373-375; notations in, 368-369; roots in,
369-373; symmetry of structure constants
in, 366-367

general properties of determinants, 14-15

generators: in conformal algebra, 517-
520; in Dirac equation, 476-477; in
expanding universe, 525-526; in Galilean
transformations, 446; in general Lie algebras,
364-365, 367-370; of groups, 50; Lie, 79-80;
Lorentz, 440—442; of rotation groups, 74; of
S0(2n), 407-408; of SO(10), 555-556; of
symplectic groups, 281

geometry: for character tables, 120, 132-133;
link to group theory, 118-119

Georgi, Howard: SO (10) discovery by, 559n;
symplectic algebras dismissed by, 282n; and
unification theory, 544

Georgi-Glashow theory, 234, 558

Glashow, Sheldon L.: and Eightfold Way, 312;
foreword by, 68-69n; Lie algebras listed by,
551n; and unification theory, 544

global action principle, 178

gluons, 534-535, 540

Goldberger, Murph, 336n

golden ratio, constructing, 134n

Gordan, Paul: lifetime dates of, 567; and
Noether, 226

Goudsmit, Sam, 255, 259n

Gough, Kathleen, 242n

grand unification. See unification
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gravitation symmetry of, 38

Great Orthogonality theorem, 103-104, 114

green quarks, 532

group algebra, 111

group manifolds: axis-angle parameterization
of, 263-264; character orthogonality of, 268—
269; Clebsch-Gordan decomposition for,
269-270; Fourier series for, 269; integration
measure for, 264—265; invariant measures
for, 265-266; overview, 262-263; of SO(3),
267-268, 271-273, 275; spheres in, 273-274;
of SU(2), 272-273, 275; topology of, 270-271

group theory overview: Creator fondness for,
531; founders of, 45-46; link to geometry,
118-119; and number theory, 150-151

groups: associativity of, 39, 51; direct product
of, 44-45; elements of, 38-39; examples of,
40-43; finite (see finite groups); Frobenius
(see Frobenius groups); homomorphism and
isomorphism of, 50; Klein’s Vierergruppe
for, 45; Lie, 79-80; Lorentz (see Lorentz
groups); modular, 52; multiplication
tables for, 46-50; presentations of, 49-50;
representations of (see representations);
rotation (see rotations and rotation groups);
SO (see specific SO groups); SU (see specific
SU groups); subgroups (see subgroups);
symplectic, 277-282; tetrahedral, 289-291,
299-300; U (see specific U groups); unitary,
227-228, 419-420

Gruppenpest, 46, 324n

Gutfreund, H., 152

hadrons, 306, 337

Haldane, J. B. S., 531

half angles, full angles from, 249-250

half integers, 206

Hamilton, William Rowan: lifetime dates of,
567; quarternions invented by, 33n

Hamiltonian: in addition of angular
momentum, 217; components of, 162;
in degeneracy, 162-163; Dirac, 478-479;
for harmonic oscillators, 283, 323; for
Kitaev chains, 502-503; linear differential
operators for, 161; for noninteracting
hopping electrons, 497-498; overview of,
179; in parity, 165; in perturbation theory,
339; and quantum mechanics, 180; and
Schur’s lemma, 164; in SO (4) emergence,
493; in spin precession, 256-257

Hardy, G. H., 128, 397

Hardy’s criteria, 128

harmonic motion: equations for, 180-181;
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harmonic motion (continued)
springs and masses, 168-169; in triangular
molecule, 172-174; zero modes in, 170-174

harmonic oscillators: in 3-dimensional space,
323; number operator in, 283

harmonics, spherical, 210-212

Harmonious Nature, 178

Hartree, Douglas, 495

heavy particles, 163

Heisenberg, Werner: and Hamiltonian, 180;
isospin discovery by, 244; and matrices,
167n; and neutron mass, 303, 311n; and
scattering cross sections, 306

Heisenberg algebra, 212-213

helicity: spin states, 444; topological
quantization of, 447-448

Helmholtz, Hermann Ludwig Ferdinand von:
and coset manifolds, 527; lifetime dates of,
567

Hermite, Charles: lifetime dates of, 567; on
mathematical proofs, 19

hermitean conjugation: in linear algebra vs.
quantum mechanics, 503; overview, 19

hermitean matrices: diagonalizing, 24-25; and
real symmetric matrices, 21-22

Heron of Alexandria, 178

Higgs field: and electron mass, 539; for
fermion mass, 562; in SU (5), 553

higher-dimensional space: Lie approach in, 80;
rotations in, 76-77, 83n, 196

Hilbert space, operators in, 503

homomorphism of groups, 50

homotopy of closed curves, 270-271

Hopf, H., 260n

hopping electrons, noninteracting, 497-498

Huang, Kerson, 288n

hydrogen atoms: Bohr solution for, 255;
planetary model of, 216; Schrédinger
equation for, 491; SO (4) algebra in, 491
496

hypercharge matrix, 321-322

hypercolor in family problem, 563-564

hyperons, 318, 333

icosahedrons, character tables for, 133

identity: for determinants, 29; of groups, 39;
square root of, 58

impurity atoms in lattices, 292-293

indices: appearance of, 3—4; contraction in
rotation group representation, 193; for
general Lie algebras, 365-366; notation
for, 22-23; repeated index summation,
5-6; for SU(2), 250-251; for SU(3), 312—

314; transformations, 38; upper and lower,
232-235; for Weyl spinors, 456

induced representations for Euclidean groups,
297-298

infinite-dimensional representations: of
Euclidean algebra, 296; of Euclidean group,
297

infinitesimal limits in conformal
transformations, 516-517

integers, partition of, 59-60

integration measure: for group manifolds,
264-265; for SU (2), 273

interacting gauge bosons, 533

internal symmetries: Lagrangians with,
286-287; and spin, 244

invariance: under linear transformations,
71-72; in motion, 180

invariance group of tetrahedrons, 121-122, 131

invariant bilinear for noncomplex
representations, 138-139

invariant measures for group manifolds,
265-266

invariant subgroups: maximal, 66; overview,
62-65

invariant symbols in rotation group
representation, 191-192

inverse: of groups, 39; of matrices, 7-8, 18; real
and complex characters, 120

inversion: in conformal algebra, 518-519; of
matrices, 8-10

irreducible representations: 3-dimensional,
122-123; breakup of, 293-294; of Dirac
equation, 454-455; and equivalence classes,
299-300; in family problem, 561-562; of
finite groups, 289-291; of Frobenius groups,
155-157; of Lie algebras, 400; naming, 209—
210; orthogonal, 109-110; overview, 94-95;
for rotation groups, 186; in Schur’s lemma,
102; of SO(3), 194-195, 209-210; of SO(N),
186-190; of SU(2), 251; of SU(3), 313316,
321, 327; of SU(5), 234; of SU(N), 234; in
tensors, 187-188

isometry condition in conformal
transformations, 516-517

isomorphism: description of, 50; SO (4) and
SU(2), 274-275; SO(5) and Sp(4), 424;
SO (6) and SU(8), 422; SU(2) and SO(3),
245-246; in symplectic groups, 279

isomorphs of symplectic algebras, 282

isoperimetrical problem, 181n

isospin: description of, 303-304; and
electromagnetism, 304; in Fermi-Yang
model, 310; hyperons for, 318; nucleon-
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nucleon scattering, 307-308; pion nucleon
coupling and tensor approach, 309-310;
pions and electric charge, 304-305; and
scattering cross sections, 305-306; and
SU3), 322

iterative evaluation of determinants, 11-13

Jacobi, Carl Gustav Jacob, lifetime dates of, 567

Jacobi identity: and contraction, 513; in general
Lie algebras, 373-375; in rotation group
representation, 198-199

Jordan, Pascual, 167n, 254n

Jordan-Schwinger construction of angular
momentum algebra, 213-214

jungle gyms for SU (3), 327-329

Kepler, Johannes, 149n

ket notation, 29-31

Khudaverdian, Hovik, 202n

Killing, Wilhelm, lifetime dates of, 567

Killing-Cartan classification of Lie algebras:
constraints on lengths and angles, 376~
377; dialects, 380-381; possible angles in,
377; rank 2 in, 379-380; roots in, 378-379,
381-383; Weyl reflection in, 378

Killing condition, conformal, 516-517

Kitaev chain, 501-504

Klein-Gordon equation: in Dirac equation,
474-475; and Lorentz invariance, 451-452

Klein’s Vierergruppe, 45

Kramer’s degeneracy, 258-259

Kronecker delta, 4-5

labels for groups, 39

ladders: climbing up and down on, 204—
205; multiplying, 217-219; operators for,
206-207; for SU (3), 327-329; termination
requirement for, 205-206

Lagrange, Joseph-Louis: as group founder,
45; late life depression of, 53n; letter to
Euler, 181n; lifetime dates of, 567; subgroup
theorem of, 43—44; and Wilson’s theorem,
152

Lagrangian density, 284

Lagrangians: Dirac, 477, 479-480; in gauge
theories, 534-535; in harmonic motion,
180-181; with internal symmetries, 286—
287; Majorana, 487-488; in Majorana mass
term, 465; in particle position, 176-177; in
quantum field theory, 284-287; in SU(3)
symmetry, 338-339; in symmetry, 178-180;
in unification theory, 545, 547-549; Weyl,
460-462
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Lambda (A) to the Eightfold Way, 318

Landé, Alfred, 512

Laplace, Pierre-Simon: lifetime dates of, 567;
and orbits, 492

Laplace equation in conformal algebra, 519

Laplace expansion: and determinants, 9-11;
proof of, 17

Laplace-Runge-Lenz vector, 492-493

large [ effect, 495496

lattices: in crystals, 146; impurity atoms in,
292-293; in particle promotion, 284

laws of physics, symmetry of, 176-179

least time principle, 178

Lee, C. K, 514

Lee, T. D.: parity violation proposal by, 459;
spin proposal by, 324n; spinning top field
theory reported by, 288n

left handed fields, charge conjugate of, 486

left handed spinors, 409-410, 464

left inverse: of groups, 39; of matrices, 13

Legendre, Adrien-Marie: lifetime dates of, 567;
portrait of, 215n

Legendre polynomials for SO (3) groups,
210-212

length: of Dynkin diagram roots, 384-386; in
Killing-Cartan classification, 376-377; of
root vectors, 330

lepton masses: in SO(10), 553; in unification
theory, 545

lepton numbers: conservation of, 487; in
unification, 548

leptons: in family problem, 561; in gauge
theories, 535; in gauged universe, 539-540;
overview, 531-533; and quark color, 556—
558; and quarks in single representation,
550; spin 1/2 carried by, 255; states of,
553-555

Lie, Marius Sophus: lifetime dates of, 567;
rotation ideas of, 73-74

Lie algebras: adjoint representation in, 477;
Cartan classification of, 364; classifications
of, 347; in conformal algebra, 521; in
contraction, 508; Dynkin diagrams (see
Dynkin diagrams); of Euclidean plane,
296; exponentiating, 84; in family problem,
561; for gauge bosons, 533; for Gell-Mann
matrices, 326-327; general (see general
Lie algebras); irreducible representations
of, 400; and Jacobi identity, 200; Killing-
Cartan classification (see Killing-Cartan
classification of Lie algebras); in ladder
multiplication, 218; overview, 77-78; of
Poincaré group, 442—443; rank and maximal
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Lie algebras (continued)
number of mutually commuting generators,
350-351; rank of, 327-328; for SO(3), 203—
204; for SO (4), 83, 494; for SO(N), 81-82;
structure constants of, 238-240; for SU(2),
247-248; for symplectic groups, 279; in
unification, 546, 551n

Lie approach to rotation: in higher dimensions,
76-77, 80; from planes to higher-dimensional
space, 76; structure constants in, 78-80

Lie groups, 79

light cone coordinates: and Lorentz
transformations, 431; Minkowski spacetime
in, 522

linear algebra, 1; coupled linear equations in,
1-2; Dirac’s bra and ket notation, 29-31;
hermitean conjugation in, 503; indices, 3—4,
22-23; matrices (see matrices); rectangular
matrices, 3—4; turning problems around
in, 3

linear differential operators for Hamiltonian,
161

linear transformations, invariance under,
71-72

linearity of quantum mechanics, 161-163, 168

Little, W. A., 152

local action principle, 178

local isomorphism: SO (4) and SU(2), 274—
275; SO(5) and Sp(4), 424; SO(6) and
SU(8), 422; SU(2) and SO(3), 245-246; in
symplectic groups, 279

long roots: in Dynkin diagrams, 386; in SO(5),
355

loops for Dynkin diagrams, 390-392

Lorentz, Hendrik Antoon, lifetime dates of,
567

Lorentz algebras: contraction to Galilean, 508—
509; falling apart of, 435-436; Poincaré
algebra from, 442

Lorentz generators in Dirac equation, 476-477

Lorentz groups: and absolute time, 429—
430; in additive groups of real numbers,
428; compact vs. noncompact, 266-267;
connected components of, 447; Dirac
equation derived from, 452-454; double
covering of, 445; falling apart of, 454; finite
dimensional nonunitary representations
of, 459; in finite relative velocities, 432—
433; in gauge theories, 534; little group,
443-445; and missing halves, 445-447;
and momentum, 439; and relative motion,
429; representation of additive groups,

92; SO(3, 1), 433-435; and spacetime,
436-438; tensors, 439-442; topological
quantization of helicity in, 447-448; Weyl
spinor representation of, 457

Lorentz invariance: in contraction, 509;
deduction of, 451; and Dirac spinors,
475-476; in Galilean extension, 511; and
spacetime symmetry, 452; in unification
theory, 547

Lorentz scalar fields in unification theory, 545

Lorentz transformation: derivations of, 430—
431; description of, 438-440; of Dirac
spinors, 475-476; vs. Galilean, 431-432; and
theory of special relativity, 42

lost antineutrino fields, 551

Louis, Joseph, 181n

low energy effective theory, 547-548

low energy world, routes to, 558-559

low-ranked algebras, Dynkin diagrams for,
388-389

lower indices, 22-23, 232-235

lowering operators for ladders, 205

m-by-n rectangular matrices, 4

Ma, E., 134n

magnetic field in spin precession, 257

Majorana, Ettore: lifetime dates of, 567;
mystery of, 486

Majorana equation: in (1 + 1)-dimensional
spacetime, 504; in condensed matter physics,
501-504; and neutrinos, 486-487

Majorana fields, 489

Majorana Lagrangian, 487488

Majorana mass term: description of, 486; vs.
Dirac mass, 551-552; overview, 465

Majorana operators, 501

Majorana spinors, 489

manifolds. See group manifolds

mass: of baryons, 341-342; as central charge,
510-512; in Dirac equation from Weyl
equation, 468-469; harmonic systems of,
168-169; of hyperons, 318; Majorana vs.
Dirac, 551-552; of mesons and pions, 324n;
of protons and neutrons, 303; of right
handed neutrinos, 552-553

mass bilinears in unification theory, 545

massive Dirac equation, 500

matrices: associativity of, 6; from character
tables, 117-118; complex and complex
symmetric, 31-32; count components of,
26-27; determinants (see determinants);
diagonal form, 16-17; diagonalizing, 23-26;
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vs. differential operators, 82; direct product
of, 29; eigenvectors and eigenvalues for, 20—
21; functions of, 27; gamma, 469-470, 473;
group element representation of, 90-91;
hermitean conjugation, 19, 21-22; inverse,
7-8, 18; inverting, 8-10; multiplying, 4-
5; noninvertible, 19-20; orthogonal, 72;
overview, 2-3; polar decomposition of,
31; real symmetric, 21-22; rectangular, 3—
4; representation of (see representations);
right inverse of, 13; simultaneously
diagonalizable, 25-26; special, 43, 72; of
squares, sum of, 143; symplectic, 277-278,;
traces of, 6-7; transpose, 6; triality, 319;
turning problems around in, 3

Matthew principle, 311n

maximal invariant subgroups, 66

maximal number of mutually commuting
generators, 350-352

Maxwell equations: conformal algebra from,
515; of motion in electromagnetic fields, 451

medians in dihedral groups, 60-61

Mercator, Gerardus, 517

Mercator maps, 517

Merton, R. K., 311n

mesons: in Eightfold Way, 318-319; Gell-
Mann-Okubo mass formula for, 339-340;
mass of, 324n; octets, 338-339; and quarks,
320; in strong interaction, 304; and SU (3),
322;in SU (3) breaking, 337-339

Miller, G. A., 45

Mills, Robert, 533

Minkowski, H., 433

Minkowski metric: in conformal algebra, 517;
in Dirac equation, 470; in Lorentz tensors,
440; in Lorentz to Galilean contraction, 508—
509; in Lorentz transformations, 430, 453;
signs for, 449n; in spacetime, 437-438

Minkowski spacetime: in conformal algebra,
517-519, 521-522; in expanding universe,
524; in light cone coordinates, 522

missing halves, 445-447

modular arithmetic, 152

modular groups, 52

molecules, triangular, 172-174, 338

momentum: angular (see angular momentum);
and energy, 439

momentum space, 490

Monster group, 66

motion: equations of, 450-452; harmonic, 168—
174, 180-181; invariance and covariance,
180; Weyl equation for, 461
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multiplication: direct product matrices, 99;
groups, 39; ladders, 217-219; matrices,
4-5, 19; permutations, 56-57; SO(3), 207-
209; spinors, 416-418; SU(3), 317-318;
SU (3) irreducible representations, 315-316;
SU(N), 242; tensors, 440

multiplication tables for groups, 46-50

muon-neutrinos, 532

muons, 532-533

mutually commuting generators: in general
Lie algebras, 367; rank and maximal number
of, 350-352

“My Memory of Ken Wilson” essay, 153n

n-by-n matrices: diagonalizing, 23-24; direct
product of, 29; inverting, 18

N-dimensions, rotations in, 76-77

Nahin, Paul, 134n

Nair group, 242n

naming irreducible representations, 209-210

Nayar group, 242n

Ne’eman, Yuval, 318

neutrino mixing, 533

neutrinos: conjugate partners for, 535-536; in
gauge theories, 535; and Majorana equation,
486—487; and Majorana Lagrangian, 487—
488; mass of, 551-552; Weyl equation
description of, 459, 464

neutrons: mass of, 303; quarks in, 532

Newton, Isaac, motion equations of, 450-451

Newton-Poisson equation, 451

Newton’s laws and elliptical orbits, 492

no-loop theorem for Dynkin diagrams, 390-391

no-more-than-three lines theorem for Dynkin
diagrams, 391

Noether, Emmy: and Gordan, 226; lifetime
dates of, 567; and symmetry in conservation,
180

nonabelian gauge theories, 533

nonabelian groups, 39

noncompact groups vs. compact, 97-98,
266-267

noncomplex representations, invariant bilinear
for, 138-139

noninteracting hopping electrons, 497-498

noninvertible matrices, 19-20

nonunitary representations of Lorentz group,
459

normal subgroups, 62

nucleon-nucleon collision, deuteron
production in, 305-306

nucleon-nucleon scattering, 307-308
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nucleons, pion coupling with, 307, 309-310
number theory and group theory, 150-151

observational astronomers in expanding
universe, 526-527

octahedrons, character tables for, 132-133

odd-dimensional spaces, rotation groups in,
418-419

odd permutations, 41, 57

Okubo, Susumu, 340

Omega~ symbol for tenth baryonic
particle,230-231

once and only once rule, 4649

operators: creation and annihilation, 212-213,
285-286; in Hilbert space, 503; for ladders,
206-207; Majorana, 501; promotion to,
492-493

orbits, closing of, 492

Orland, H., 202n

orthogonal algebras. See spinor representations
of orthogonal algebras

orthogonal groups: embedding unitary groups
into, 419-420; and squares, 352-354; unitary
from, 227-228

orthogonal matrices, 72

orthogonal representations: for character
tables, 120; irreducible, 109-110; rows,
110-111

orthogonality, character: for compact
continuous groups, 261; in group manifolds,
268-269; in representation, 104

oscillators: in 3-dimensional space, 323;
number operator in, 283; in quantum field
theory, 285

palindromic characteristic polynomials, 281

parameterization, axis-angle, 263-264

parity: in Dirac spinor formation, 458-459; in
gauge theories, 534; Hamiltonian, 165; and
neutrinos, 488; and spin 0 mesons, 318; and
spinors, 462, 464, 471; in weak interaction,
53n, 536

particle physics, SU(3) in, 312

particles: vs. fields, 488; as Poincaré algebra
representations, 442—443

partition of integers for finite groups, 59-60

Pati, Jogesh, 556

Pati-Salam theory, 556-558

Pauli, Wolfgang: and dynamical degeneracy,
491; and electron spin, 259n; on elegance,
450n; on opposition to group theory, 46;
personality of, 54n

Pauli exclusion principle, 425-426

Pauli-Lubanski vector, 443-444

Pauli matrices: and Kitaev chains, 503; in
Lorentz transformations, 431; properties
of, 246-247; and quarternions, 254n; for
SU(2), 245-247; for SU(N), 236-239; in
weak interaction, 536; in Weyl equation, 460

Peierls instability, 500

Penrose, Roger, 149n

periodic table and accidental degeneracy,
495-496

permutation groups: description, 41; finite
groups and Cayley’s theorem, 55

permutations: and determinants, 13-14;
multiplying, 56-57

perturbations, Hamiltonian, 339

photons: in Eightfold Way, 323; in
electromagnetism, 537-538; and fermions,
532; as gauge boson, 533, 537; and helicity
states, 444, 447n

physical laws, symmetry in, 176-177

physics: equations of motion in, 450-452;
symmetry in, 38

pions: and electric charge, 304-305; in Fermi-
Yang model, 310; mass of, 324n; nucleon
coupling with, 307, 309-310

Pisano, Leonardo, 134n

Planck’s constant: in Galilean extension, 510;
in Schroédinger equation, 161

planes, rotation in, 81

Plato, 121

Platonic solids and Dynkin diagrams, 396-397

Poincaré, Henri, lifetime dates of, 567

Poincaré algebra: in conformal algebra, 520;
in Galilean extension, 511; from Lorentz
algebras, 442; and missing halves, 445-447;
particles as representations of, 442443

point groups of crystals, 146

polar decomposition: of matrices, 31; in
rotation group representation, 195-196

positive roots: description of, 352; in
Dynkin diagrams, 384; in Killing-Cartan
classification, 381-382; in SU (3), 331-332

positrons: and antimatter, 483; in unification,
546

power series, 74

presentations of groups, 49-50

products: decomposition of, 290-291;
determinants of, 27-29; in gauged universe,
536-537; groups, 44—45; representation of,
98-99; of two squares, 143-144

projective representation in quantum
mechanics, 166

promotion to operators, 492-493
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properties of determinants, 14-15

protons: mass of, 303; quarks in, 531-532; in
unification, 545-549

pseudoreal conjugates, 415

pseudoreal representations: vs. real, 137-138;
of SU(2), 251-252

pseudoreality. See antimatter and pseudoreality

quantized angular momentum, 216-217

quantum chromodynamics: and “27,” 340; in
gauge theories, 535

quantum field theory: continuous labels from
discrete in, 284-286; executive summary
for, 287-288; Lagrangians with internal
symmetries, 286—287; overview, 283-284;
symmetry groups in, 286

quantum Galilean algebra from Galilean,
510-513

quantum mechanics: addition of angular
momentum in, 217; Bloch’s theorem and
Brillouin zone, 165-166; degeneracy in,
162-163; and double covering, 250; and
Hamiltonian, 180; harmonic motion in,
168-169; Heisenberg algebra in, 212-213;
hermitean conjugation in, 503; linearity
of, 161-163, 168; parity in, 165; ray and
projective representation, 166; and Schur’s
lemma, 164; triangular molecule, 172-174;
zero modes, 170-174

quantum physics, complex numbers in, 228

quark masses: in SO(10), 553; in unification
theory, 545

quarks: color number for, 556-558; in family
problem, 561; in gauge theories, 534-535;
in gauged universe, 539-540; and leptons in
single representation, 550; overview, 531—
533; skepticism of, 255; spin 1/2 carried by,
255; states of, 553-555; and SU (3), 321; and
triality, 319-320; in unification, 544-546

quarternionic groups: character tables for,
127-128; overview, 61

quarternions: description of, 33n; in Sylvester-
Pauli matrix representation, 254n

quasicrystals, 149

quotient groups, 64-65

Rabj, I. I, 532

raising operators for ladders, 205

rank 2 Lie operators, 379-380

ranks: Dynkin diagrams for, 388-389; in
general Lie algebra generators, 370; of Lie
algebras, 327-328; of mutually commuting
generators, 350-352
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ray representation in quantum mechanics, 166

real characters in inverse class, 120

real conjugates in spinor representations, 415

real numbers, additive groups of, 428

real representations vs. pseudoreal, 137-138

real symmetric matrices, 21-22

reality checker: for representation, 139-141;
for SO(3) and SU(2), 275

rectangular matrices, 3—4

recursion relation in general Lie algebras,
373-375

red quarks, 532

reducibility, tests for, 106-107

reducible representations: vs. irreducible,
94-95; of SO(N), 188-190

reflections in rotations, 72

regular representation, characters of, 107-108

relative motion, 429

relative velocities, 432433

relativistic physics for Lorentz groups. See
Lorentz groups

Renteln, Paul, 68n

repeated index summation, 5-6

representation theory for rotation group
representation, 188

representations: adjoint (see adjoint
representations); character as function
of class, 93; character orthogonality, 104;
from character tables, 117-118; characters
of regular representation, 107-108; class
algebra, 111-113; compact versus non-
compact, 97-98; complex numbers, 136;
conjugate, 136-137; from degeneracy, 163;
description of, 89-90; Dirac equation, 454—
457; equivalent, 93-94; Euclidean algebra,
296; Euclidean groups, 297-298; Frobenius
algebra and group algebra, 111; general Lie
algebras, 365; Great Orthogonality theorem,
103-104; invariant bilinear, 138-139;
irreducible (see irreducible representations);
Lie algebra of SO(3), 203-204; Lorentz
groups, 459; matrices for group elements,
90-91; multiplying, 242; orthogonal algebras
(see spinor representations of orthogonal
algebras); Poincaré algebra, 442-443;
product, 98-99; product of two squares, 143—
144; quarks and leptons together, 550; real
versus pseudoreal, 137-138; reality checker,
139-141; reducible or irreducible, 94-95;
restriction to subgroups, 95-96; rotation
group representation (see rotations and
rotation groups); row orthogonality, 110-
111; Schur’s lemma, 101-103; square roots,
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representations (continued)
141-142; sum of representation matrices of
squares, 143; test for reducibility, 106-107;
theory, 91-92; unitary, 96-97

resolving P into cycles, 56

restriction of representations to subgroups,
95-96, 197-198

Riemann, Bernhard: on distance between
manifold points, 375n; on locally curved
space, 508

right handed fields, charge conjugate of, 486

right handed neutrinos, mass of, 552-553

right handed spinors, 409-410, 462—463

right inverse: of groups, 39; of matrices, 13

right movers and noninteracting hopping
electrons, 499

root vectors in SU(3), 329-332

roots: determining, 348-349; in Dynkin
diagrams, 384-386, 398-399; for exceptional
algebras, 398-399; in general Lie algebras,
369-373; in Killing-Cartan classification,
378-379, 381-383; and orthogonal groups,
352-354; positive and simple, 352; in SO (21)
vs. SO (2l + 1), 357-358; in SO(5), 354-356;
in SO(6), 356; in SU (4), 359-362; summary
by family, 362-363; in SU(N), 358-359; in
weight diagrams, 332-333

rotations and rotation groups: adjoint
representation and Jacobi identity, 198-199;
adjoint of SO(N), 199-201; approaches
to, 70, 75; around axes and in planes, 81;
Cartesian coordinates and trigonometry,
70-71; character of, 261-262; contraction
of indices in, 193; of crystals, 148; and
Dirac equation, 455-456; distance squared
between neighboring points, 75; dual tensors
for, 192; flying guesses for, 186; generators,
74; in higher-dimensional space, 196; inside
rotation groups, 419; invariance under linear
transformations, 71-72; invariant symbols
in, 191-192; irreducible representations
of, 186-190, 192-193; in odd-dimensional
spaces, 418-419; overview, 40-41; from
planes to higher-dimensional space, 76;
polar decomposition in, 195-196; reducible
representations, 188-190; reflections in,
72; repeated, 73-74; representation theory
in, 188; representing, 185; restriction to
subgroups, 197-198; self-dual and antiself-
dual, 197; of SO(2) tensors, 195; of SO(3),
193-195; tensors in, 187-188; tetrahedral
groups from, 289-290

Roth, Philip, 33n
row orthogonality, 110-111
Ruffini, Paolo, 45

Sakata, S., 318, 324n

Salam, Abdus, 556

scalar products, 2; in complex vector space, 22;
between roots in Lie algebra generators, 371;
with vectors, 71

scattering cross sections and isospin, 305-306

Schrodinger, E.: as artillery officer, 113n; on
opposition to group theory, 46

Schrodinger algebra in quantum Galilean
algebra, 510-513

Schrodinger equation: in de Broglie, 512-513;
in Galilean extension, 511; solution, 491; in
spin precession, 256-257; for state evolution,
161; in time reversal, 257

Schultz, Charles M., 569

Schur, Friedrich, 113n

Schur, Issai, lifetime dates of, 567

Schur’s lemma: description of, 101-102;
in harmonic motion, 169-170; proof of,
102-103; and quantum mechanics, 164

Schwarzschild, K., 113n

Schwinger, Julian, 510, 514n

self-dual rotation group representation, 197

self-dual tensors, 440-442

semidirect product symbols, 154

Shechtman, Dan, 149

short roots: in Dynkin diagrams, 386; in SO (5),
355

shrinking theorem for Dynkin diagrams, 392

similarity transformations, 93, 137-138

simple groups, 63—-64

simple roots: description of, 352; in Dynkin
diagrams, 384-386; in Killing-Cartan
classification, 381-382; in SU(3), 331-332

simultaneously diagonalizable matrices, 25-26

SL(2, C) groups in Dirac equation, 452454

Slater, John, 324n

slow electrons, 479

S0(1, 1) groups vs. SO(2), 266

S0(2) groups: description of, 72; flying guesses
for, 186; invariant measures for, 265-266;
vs. SO(1, 1), 266; spinor representations of
orthogonal algebras for, 410412, 418-419,
424-425; tensors in, 195

SO(2, 1) groups, 466

SO(2, 2) groups, 465-466

S0 (2l) groups: Dynkin diagrams for, 387-388;
vs. SO (2] + 1), 357-358
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SO (2n) groups: complex conjugation in, 412—
414; decomposing, 421; and fermions,
425-426; generators of, 407-408

SO(2, R) groups, 466

SO (3) groups: adjoint representation of, 198;
Casimir invariant for, 210; Clebsch-Gordan
series for, 269-270; complexification of,
457; double-valued representation of, 250;
Dynkin diagrams for, 386; flying guesses
for, 186; group manifold measures for, 267—
268; group manifold of, 271-273; irreducible
representations of, 94-95, 194-195, 209-210;
ladders for, 204-207; Legendre polynomials
and spherical harmonics in, 210-212; Lie
algebra of, 203-204; locally isomorphic
to SU(2), 245-246; multiplying, 207-209;
reality checks, 275; rotation contraction in,
507-508; specialness of, 193-194; spinor
representations of orthogonal algebras for,
425; vs. SU(2) topology, 273; tensors for,
207-209; and weak interaction, 536-537

SO (3, 1) groups: in Dirac equation, 452-455;
overview, 433—436

S0 (4) groups: in Dirac equation, 452-454;
Dynkin diagrams for, 387-388; emergence
of, 493-494; in hydrogen atoms, 491-496;
Lie algebras for, 83; locally isomorphic to
SU(2), 274-275; and Lorentz group, 436;
and low energy world, 558-559; in quark and
lepton states, 554; spinor representations of
orthogonal algebras in, 410-412; symmetric
traceless tensors of, 495; weights and roots
in, 353-354, 361

S04, 1) groups, 509

SO (4k) groups, 415

SO(5) groups: Dynkin diagrams for, 386;
locally isomorphic to Sp(4), 424; and spinor
decomposition, 421; as SU(10) singlet
generator, 555-556; weights and roots in,
354-356

SO (6) groups: decomposing, 422—424; locally
isomorphic to SU(4), 422; and low energy
world, 558-559; in quark and lepton states,
554; weights and roots in, 356

SO(8) groups: decomposing, 422-424; Dynkin
diagrams for, 388, 396; hypercolor for,
563-564

SO (8m) groups, 415

$0(10) groups: decomposing, 421-422; and
low energy world, 558; quark and lepton
masses in, 553; in quark and lepton states,
554; spinor multiplication for, 416-417;
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spinor representation of, 550; spinors for,
409; SU (5) singlet generator of, 555-556

S0 —1,1)/S0O(d, 1), writing out, 524-526

SO, 2) groups, 521

SO(N) groups: adjoint of, 199-201; adjoint
representation and Jacobi identity, 198—
199; contraction of indices in, 193; defined,
185; dual tensors for, 192; flying guesses
for, 186; in higher-dimensional space, 196;
invariant symbols for, 191-192; irreducible
representations of, 186-190, 192-193; Lie
algebra for, 81-82; polar decomposition
of, 195-196; reducible representations of,
188-190; representation theory for, 188;
restriction to subgroups, 197-198; self-dual
and antiself-dual in, 197

Sp(21), weights and roots in, 361-362

Sp(4) groups: Dynkin diagrams for, 387-388;
locally isomorphic to SO(5), 424

space: equations of motion in, 450-452;
momentum, 490

space group of crystals, 146

spacetime: for conformal algebra, 517-519;
coordinates in relative motion, 42; and
electromagnetic field, 482; in expanding
universe, 524; Galilean to Minkowskian, 509;
in light cone coordinates, 522; and Lorentz
invariance, 452; Majorana and Weyl in, 504;
in nonrelativistic physics, 197, 285, 441;
from space and time, 436-438

special functions, 295-298

special matrices, 43, 72

spheres: as coset manifolds, 523-524; in group
theory, 273-274

spherical bastards, 85n

spherical harmonics, 210-212

spin, helicity states of, 444

spin 0 mesons, 318

spin 1/2: discovery of, 255-256; and electron
wave function, 256; fermions in gauge
theories, 534; in Jordan-Schwinger
construction, 213; Kramer’s degeneracy
for, 258-259; and Majorana equation, 487;
mystery of, 255, 259; summary, 488—489; in
unification theory, 547

spin operator in Hamiltonian, 161-162

spin precession, 256-257

spinor representations of orthogonal algebras:
binary code in, 410; Clifford algebra for,
405-407; complex conjugation in, 412—
414; conjugates, 414—415; decomposing
spinors, 421-424; double covering, 408—409;
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spinor representations of orthogonal algebras
(continued)
embedding unitary groups into orthogonal
groups in, 419-420; examples, 410-412;
generators of SO (2n), 407-408; left and

right handed, 409-410; multiplying spinors,

416-418; overview, 405; rotation groups in
odd-dimensional spaces in, 418-419; for
S0(2), 424-425; for SO(3), 425

spinors: charge conjugates of, 485; conjugate
Weyl, 464; Dirac, 468; in Dirac equation,
456-459, 468-469; fermions for describing,
425-426; and hypercolor, 563; isospin (see

isospin); for Kitaev chains, 503; left handed,

464; Majorana, 489; and pion nucleon
coupling, 309-310; right handed, 462-463;
and S0O(10), 550; Weyl (see Weyl spinors)

splitting baryon mass, 341-342

splitting crystal fields: characters in, 293-294;
impurity atoms in, 292-293; SU(3) analog
for, 320-322; symmetry breaking in, 294

springs, harmonic systems of, 168-169

square character tables, 108-109, 111-112

square roots: of identity, 58; number of,
141-142

squares: and orthogonal groups, 352-354;
product of, 143-144; sum of representation
matrices, 143

stacking representations, 98-99

states of quarks and leptons, 553-555

strange quarks, 532

strong interaction: and approximate symmetry,

303; coupling strength of, 307; in gauge
theories, 535; mesons in, 304; and nucleon-

nucleon scattering, 307-308; quarks in, 532;

and SU (3), 534-535; and triality, 319

structure constants of Lie algebras: general,
366-367; overview, 78-80; for SU(N),
238-240

SU(2) groups: in Dirac equation, 453—
454; double covering in, 250; doublet
representation of, 458; Dynkin diagrams
for, 386, 388; in electromagnetism, 537—
538; and electron mass, 539; elements of,
248-249; full angles in, 249-250; group
manifold of, 272; indices for, 250-251;
integration measure for, 273; irreducible
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