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CHAPTER 1
Introduction

11 What are strings?

In this book we focus on algorithms that operate on strings. What do we mean by strings?

Definition 1.1 (String). A string is a one-dimensional, ordered list of symbols drawn from
some finite alphabet . ®

Typically, we assume |X| is “small” compared with the length of the string. Usually, in
fact, we will assume |X| is a constant. For example, ¥ may be the ASCII character set, or
the Unicode character set, or the set of stock ticker symbols. On the other hand, choosing
3 =R (the real numbers) would produce something that is not a string.

A string is typically encoded into the memory of a computer using a sequence of con-
tiguous, fixed-length fields, where each field (of say 8 bits) codes for some character of 3. In
the C language, for example, char s[10] represents a string of length 9 where X equals
the set of symbols represented by the type char. In C, and some other languages, rather
than encode the length of a string, a terminal special character (\0) is placed at the end of
the representation. In other representations, an explicit length is stored.

None of these representations are essential for our definition of “string.” They are imple-
mentation details. A string stored with each character in successive nodes of a linked list is
also a string. Although in that case accessing the ith character incurs a cost of O(i) instead
of the cost O(1) in the more typical encoding. While storage of a string in linked list or other
more complex data structures still encodes something we will call a string, unless otherwise
noted, we will assume that we are using a representation where accessing the ith character
takes O(1) time.

To encode a symbol from ¥ using a simple encoding requires

[log, |X|] (1.1)

bits. The notation |[. .. | indicates rounding up to the next integer; |. .. | indicates rounding
down.

1.2  Why study string algorithms?

The ability to process, store, search, and manipulate strings with computational efficiency
has changed the world in many ways. Web search engines regularly process terabytes of

For general queries, contact info@press.princeton.edu



© Copyright, Princeton University Press. No part of this book may be
distributed, posted, or reproduced in any form by digital or mechanical
means without prior written permission of the publisher.

2 1.3 What are our goals?

strings, internet shopping sites deal with many product descriptions, and social networks
handle large collections of comments and posts. Version control systems and compilers must
process text that forms the source code of programs. Expert systems (like IBM Watson [Fer-
rucci et al., 2010] or NELL [Mitchell et al., 2015; Carlson et al., 2010]) must process strings
to form databases of knowledge. Large Language Models (LLMs) [Radford et al., 2018;
Devlin et al., 2018] train on massive amounts of text to generate human-like answers to
queries.

The field of genomics has been a fruitful and motivating area for string algorithms,
where, to a good first approximation, the genome of an organism can be encoded as a long
string of letters representing the nucleotides that make up the DNA (or RNA) molecules.
These genome strings can be huge—megabytes for a bacterium, gigabytes for an organism
like human. Storing, searching, comparing, and analyzing these strings requires efficient
algorithms. Reconstructing genomes or parts of them from fragmented measurements
requires reconstructing strings from shorter strings. Collections of protein sequences are
also well represented by strings. Genome graphs in Chapter 29 are motivated by applications
in pan-genomics, and minimizers in Chapter 25 have their primary current application in
genomics, though they were originally proposed in other contexts.

String algorithms are also fundamental from a computer science perspective. One can
view the sequence of bits in a computer’s RAM as a long string of 1s and 0s. Questions about
what problems on strings can be efficiently solved have spurred innovation in computational
techniques that can be widely applied and adapted to other problems that do not at first
appear to be string-related. Solving a one-dimensional version of a problem is often a good
first step toward understanding pattern matching problems in higher dimensions. Much
of the theory of computational complexity is based around sets of strings. Finally, string
algorithms are a fun and interesting type of algorithm that have given rise to interesting
algorithmic techniques and neat data structures that are elegant and useful.

1.3 What are our goals?

This book aims to describe algorithmic solutions to string problems. We will generally take
a “theoretical” viewpoint, meaning that we will be concerned with proving correctness and
runtime for our various approaches rather than empirical evaluation, though we will discuss
some practical considerations. While the emphasis is on provable properties, we aim to not
be unnecessarily mathematical, but instead aim to draw out the key ideas that may be more
generally useful. We are not trying to treat you as a “mathematics compiler” nor to provide
the definitive proof of every result. Instead, we present the material in such a way that we
hope you will understand why the algorithms work the way they do. We strive to cover
everything you need to believe that the presented algorithms have the properties we claim
they have, though, in the interest of focusing on the key ideas, some details are omitted from
proofs and other material.

If you master the topics in this book, you will be well positioned to use and adapt string
algorithms to solve new problems. You will also have the necessary background to begin
making contributions to the design of new string algorithms and applications.

The field of string algorithms is vast, and we cannot hope to cover everything. There are
many more advanced or esoteric topics that are of great interest—both theoretically and for
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particular applications—that we must omit. An entire second volume could be written cov-
ering advanced topics that are only hinted at here. We also don’t aim to cover the complete
history of the presented algorithms. Once you grasp what is included here, you will have the
tools to learn about these other topics on your own.

1.4 A roadmap

We start (Part I) with the classical problem of finding occurrences of a short string P exactly
within a longer text T. This is, of course, the string problem that is most used and most
useful, on its own or as a building block for bigger string processing systems.

In Part II, we move to the edit distance problem that supports finding matches with
some deviation from the pattern (extra characters, mismatching characters, etc.); this allows
us to introduce the classical dynamic programming approach for this problem and also
some tricks that enable faster or more space-efficient realizations of the underlying dynamic
programming technique. This collection of problems is particularly important in genomic
analyses, where sequences have mutations.

Part IIT introduces data structures that have been developed to store strings and solve a
variety of problems associated with them. These include the classical (and very important)
suffix trees and suffix arrays, as well as newer (though still decades old) data structures such
as wavelet trees and RRR compressed bit vectors. The building blocks introduced in this
part are foundational to a number of string processing algorithms, and often useful outside
of string problems.

Part IV expands on the techniques for creating small, lossy representations of strings
or sets of strings allowing for some loss of accuracy but with great gains in space or time
efficiency. Classical approaches such as locality sensitive hashing and Bloom filters are intro-
duced, as are techniques that are more modern such as sketching for edit distances and
the minimizers technique. These sketching techniques are frequently used to deal with
extremely large strings or collections of strings.

Part V turns to looking at, broadly, generative models for strings. By encoding a family
(perhaps of infinite size) of strings in a compact way, we can answer questions about that
family of strings and relate other strings to the family. Techniques introduced in this part
include the classical hidden Markov models, but also newer approaches such as genome
graphs.

Finally, Part VI collects miscellaneous topics that do not fit in other parts.

1.5 A Primer

Here, we give a primer on computational and discrete mathematical concepts that will be
useful in the text.

1.51  String notations and definitions

|S] is the length of string S. (|A| is also the size of set A.) ¥ as a variable will always be
an alphabet over which strings are formed. Typically, we start strings at index 1, which is
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convenient for explaining the algorithms, but not the norm for actually programming the
algorithm, where indexing starting at 0 is more common. T'[i] is the character of string T at
position i.

A substring of a string S is a contiguous sequence of characters from S. T'i . . . j] denotes
a substring of string T starting at index i and continuing to index j, inclusive. We will
sometimes use other notation for substrings that will be introduced when used.

A prefix is a substring of characters starting from the start of the string to some higher
index in the string. A suffix is a substring of characters starting from some position in the
string and continuing until the end of the string. A proper prefix (suffix) is a prefix (suf-
fix) that is neither empty nor the entire string. The empty string, denoted ¢, consists of 0
characters. It is a (non-proper) suffix and prefix of any string.

Concatenation of two strings « and [ is denoted a8 or cwo S when we want to
emphasize the operation.

1.5.2 Graph theory

An undirected graph is a pair of sets (V, E), where each element of V is a vertex (also called
a node), and E is a subset of {{u,v}:u € V,ve V}, each element of which is an edge that
connects two vertices. If E is instead a subset of {(u, v) : u, v € V}, the resulting pair (V, E)
is a directed graph.

Examples of undirected (left) and directed (right) graphs are:

(1.2)

A path through a graph is a sequence of vertices vy, . . . , v, such that each successive pair
in the sequence is connected by an edge (if the graph is directed, the edge must be directed
from a vertex to the successive one, i.e., (v;, vi;1) € E for edge set E). A cycle is a path where
v1 = vk. A simple path or cycle is one in which no two vertices (except v, v in the case of
a cycle) are equal. An undirected graph is connected if there is a path between every pair of
vertices.

A graph is acyclic if it does not contain any cycles. If the graph is directed and
acyclic, it is called a DAG (for directed acyclic graph). If an undirected graph is connected
and contains no cycles it is a tree. If it is not connected and contains no cycles, it is a
forest.

A rooted tree is a directed graph for which the corresponding undirected graph is a
tree and for which there is some node r (the root) such that every edge goes from a vertex
closer to the root to a vertex that is farther from the root. For an edge (u,v) in a rooted
tree, u is called the parent of v and v is a child of u. In a rooted tree, there is a unique path
from the root to any node. If v is contained on that path to a node u then v is an ancestor
of u and u is a descendent of v. If a node has no descendants, it is a leaf. An example of a
rooted tree:
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(1.3)

A traversal of a tree is an algorithm to visit each vertex of a (rooted) tree. A breadth-first
search (BFS) of a tree visits each node in increasing distance from a starting node r; thatis a
vertex at distance i from the root is visited before any vertices at distance i 4 1. A depth-first
search of a tree starting from node r recursively visits children until a leaf is reached, then
returns to the most recently visited node with unvisited children, and continues by visiting
one of its unvisited children.

1.5.3 Running times

Big-O notation O( f(n)), where f is a non-negative function of an integer 1, represents an
upper bound on the asymptotic behavior of a resource usage as the problem instance size, n,
grows. For example, with f (n) = n, O(f(n)) = O(n) indicates linear growth; O(n?) indicates
quadratic growth, and O(1) indicates growth that is a constant independent of the size of
the problem.

More formally, let f(n) be a function that gives the worst-case runtime (in terms of
number of fundamental computational steps) of an algorithm on an instance of size n. We
say an algorithm with running time f(n) is in O(g(n)) if there exists constants c, 1y such
that for all n > ny, f (n) < cg(n). A consequence of this asymptotic definition is that only the
“leading” term in f(n) matters: f(n) = 101> + 5n is in O(n’) and f(n) =logn + 2loglogn
is in O(log 7). An important special case is when f (1) < k for some constant (meaning not
depending on n) k. Then f (n) isin O(1) since with g(n) = 1, f(n) < kg(n). The O(-) notation
can be used for resources besides runtime (like memory usage).

If a computational problem has an algorithm that runs in time O(n*) for some fixed k,
we say that the problem is solvable in polynomial time. The set of problems that are solv-
able in polynomial time is denoted P. While it is an imperfect definition, P is viewed as the
set of problems with efficient algorithms. See Chapter 34 for more discussion of the set P
and related sets of problems. If an algorithm is in O(n) for problem size n, we say the algo-
rithm runs in linear time, which is usually the ideal time (not always achievable) for string
algorithms.

A relative of Big-O is {2 notation, where Q( f (n)) indicates a lower bound on the growth
of f for increasing n. An algorithm said to take Q(n*) time will take at least quadratic time
asymptotically. If f (n) is both O(f(n)) and Q(f(n)) then we say it is O(f(n)).

Sometimes it is convenient to express the running time of an algorithm on instances of
size n as a recurrence relation, where the time T (n) is expressed as a function of the time for
a smaller problem:

T(n) <f(n,T(n)), (1.4)

where ' <n and f is some function of the instance size and the running time of smaller
instances. “Solving” such a recurrence means finding a non-recursive expression that is an
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upper bound on T(n). This is especially relevant when the algorithm itself is recursive or
can be analyzed inductively.

154 Sets and combinatorics

A set is a collection of unique items. If A and B are sets, A U B is the set of items that are in
one or both of B, called the union. A N B is the set of items that are in both A and B, called
the intersection. A multiset is a set that allows duplicated items.

Given a set A of size n, the number of ways to choose k distinct items from that set is
denoted (}), pronounced n choose k. We have (}) = (n_”ikl),k,, where x! is the factorial function
x-x—1-x—2-...-1

An important special case of the binomial theorem is:

2" :zn: <Z> (1.5)

1.5.5 Numbers

A base-2 (aka binary) representation of a number is a sequence of n bits b,,_1, b, . . . by,
where each b; € {0, 1} and that represents the number 27;01 2'p;. Adding an additional bit
doubles the range of numbers that can be represented. Hence, representing a number M
requires [log, M bits.

Base-16 is hexadecimal, where a number is represented with digits {0,...,15},
denoted {0,...,9,A, B,C, D, E, F}. In hexadecimal, anumber d,_,d,_, . . . dy represents x =
Z?:_Ol d;16'. To distinguish hexadecimal from other bases, the number is typically preceded
by the symbol 0x.

The bitwise “and” function is defined as x&y =1 if and only if bits x=1 and y =1
(otherwise 0). The bitwise “or” function is defined as x|y =1 if and only if x=1 or y =1
(otherwise 0). When x and y are equal-length bit vectors, the & and | operations are applied
bitwise to each bit.

If x and y are positive integers, x (mod y) is the remainder after x is divided by y.

1.5.6 Data structures

An array A is a contiguous sequence of values, indexed by an integer i. A[i] is the value stored
at position i. Arrays, like strings, may be indexed starting at 0 or 1 as needed.

A hash table is a data structure that stores key-value pairs (k, v). There are many imple-
mentations of this data structure. We assume that the average time to access the value v
associated with key k is O(1). This is a non-trivial assumption, but there are many data
structures where this is true. A hash function is a function h(k) that maps a key to a location
in a hash table. Both hash functions and hash tables have a rich theory surrounding specific
implementations, which we assume the reader can find if they are interested.
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1.5.7  Probability

Let U be a universe of things that could happen. An event A is a subset of U meaning that
one of the things in A happened. Pr[A] is a function that assigns a probability to one of the
things in A happening. This probability is a number between 0 and 1. The notation Pry[A]
means that probability that A happens over random variable X.

The conditional probability Pr[A | X] is the probability that A happens given that X

happens. Pr[A | X] = %-

For general queries, contact info@press.princeton.edu

1.5 A Primer

7



© Copyright, Princeton University Press. No part of this book may be
distributed, posted, or reproduced in any form by digital or mechanical

means without prior written permission of the publisher.

Index

AngleSim, 217, 218
D-path, 97

K(P), 46

L(i), 20, 22

L(v), 46

Nj(P), 21

R;, 17

7,21

Child, 291, 292

Q) notation, 5

¥, 1,3

O notation, 5
cIndex, 291

0(i), 20,23

€4

extendLeft, 293
Inode’ 289

Lstr> 289

dy, 107

f(v), 46

k differences, 95, 98
k-mismatch, 129
Ip(v), 46

memo, 47, 48
spmy, 30, 47

t;, 36

ZMATCH, 15

NP, 328
NP-complete, 328
P, 327

accept, 246

activation function, 301

acyclic, 4, 277
affine gap, 91

affine gap penalties, 91

Aho, 46
Aho-Corasick, 45, 46

alignment, 57, 58, 280, 335

alignments, 232

all pairs suffix-prefix, 121

AllYPrefixCosts, 77
AllYSuffixCosts, 77

ancestor, 4

approximate matching, 41

approximate membership queries, 230

approximation algorithm, 107, 317,
324

ASCIL 1

attention, 302

automata, 339

backward algorithm, 261
banded alignment, 95
Baum-Welch, 264, 265

BES, 50

big-0, 5

binary, 6

binomial theorem, 6

bit vectors, 175

bitwise and, 6

bitwise or, 6

block, 197

Bloom filter, 3, 223
Boyer-Moore, 17, 45, 52, 339
breadth-first search, 5, 50
Burrows-Wheeler transform, 165
BWT, 165, 195, 288, 291
BWT inversion, 168

cascading Bloom filters, 227
ceiling, 1

certificate, 328

CFG, 267

charged context, 235
Chernoff bounds, 215

child, 4

Chomsky, 246

Chomsky normal form, 253
choose, 6

chunking, 340

cities, 317

CNE 253
CockefYoungeerasami, 269
code points, 310

color, 277

alphabet, 1 color class, 277
alphabet independent, 15 colored de Bruijn graph, 277
amortized analysis, 340 commute, 322

For general queries, contact info@press.princeton.edu

compatible order, 241
compression, 171, 309, 317
computational complexity, 327
concatenation, 4

conjecture, 326

connected, 4

context, 235

context-free grammar, 252
context-sensitive grammar, 253
continuation byte, 311
Corsick, 46

cosine similarity, 217, 218
counting Bloom filters, 226
CountRange, 194

cross attention, 305

cycle, 4

cycle cover, 319, 320, 324
CYK, 269

DAG, 4

de Bruijn graph, 239, 275

decision problem, 327

decoder, 299

deletion, 58

density, 234

descendent, 4

deterministic finite automaton, 25, 246

DFA, 25

diagonal, 95, 99

directed graph, 4

dissimilarity, 217

divide-and-conquer, 73, 76

document retrieval, 191

DP matrix, 95

dynamic programming, 3, 63, 73, 81, 260,
261, 339

edit distance, 58, 81, 231, 280, 282, 339
embedding, 297

embedding function, 297

empty string, 4

encoder, 299

encoder-decoder, 299

EPM, 278

error probability, 39

Eulerian, 276

351



© Copyright, Princeton University Press. No part of this book may be
distributed, posted, or reproduced in any form by digital or mechanical
means without prior written permission of the publisher.

352 Index

Eulerian graph, 239
Eulerian tour, 282
event, 7

exact matching, 11
expected density, 234
expert systems, 2

external pointer macro scheme, 278
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