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Chapter One

Introduction

This text has several parts:
In the first part of the text we develop a small-cancellation theory over cube

complexes. When the cube complex is 1-dimensional, we obtain the classical
small-cancellation theory, as well as the closely related Gromov graphical small-
cancellation theory.

It is hard to say what the main result is in the first part, since it seems the
definitions are more important than the theorems. For this and the second part,
the reader might wish to scan the table of contents to get a feel for what is
going on. We give the following sample result to give an idea of the scope here.
In ordinary small-cancellation theory, when W1, . . . ,Wr represent distinct con-
jugacy classes, the presentation 〈a, b, . . . |Wn1

1 , . . . ,Wnr
r 〉 is “small-cancellation”

for sufficiently large ni. In analogy with this we have the following:

C6-sample. Let X be a nonpositively curved cube complex. Let Yi→X be a local-
isometry with Yi compact for 1≤ i≤ r such that each π1Yi is malnormal, and
π1Yi, π1Yj do not share any nontrivial conjugacy classes. Then 〈X | ̂Y1, . . . , ̂Yr〉
is a “small-cancellation” cubical presentation for sufficiently large “girth” finite
covers ̂Yi→Yi.

Many other general small-cancellation theories have been propounded. For
instance two such graded theories directed especially towards Burnside groups
were produced by Olshanskii and McCammond. Stimulated by Gromov’s ideas of
small-cancellation over word-hyperbolic groups, there have been later important
works of Olshanskii, followed by more recent theories “over relatively hyperbolic
groups” by Osin [Osi06] and Groves-Manning [GM08]. The theory we propose
is decidedly more geometric, and arguably favors explicitness over scope. How-
ever, although it may be more limited by presupposing a nonpositively curved
cube complex as a starting point, it has the advantage of not presupposing (rel-
ative) hyperbolicity—yet some form of hyperbolicity must lurk inside for there
to be any available small-cancellation.

In the second part of the text we impose additional conditions that lead to
the existence of a wallspace structure on the resulting small-cancellation pre-
sentation. We can illustrate the nature of the results with the following sample:



2 CHAPTER 1

B6-sample. Let G be an infinite word-hyperbolic group acting properly and cocom-
pactly on a CAT(0) cube complex. Let H1, . . . , Hk be quasiconvex subgroups that
are not commensurable with G. And suppose that each Hi has separable hyper-
plane stabilizers. There exist finite index subgroups H ′

1, . . . , H
′
k such that the

quotient G/〈〈H ′
1, . . . , H

′
k〉〉 has a codimension-1 subgroup.

Here 〈〈A,B, . . .〉〉 denotes the normal closure of {A∪B ∪ · · · } in the group.
In the third part of the text, we probe further and seek a virtually special

cubulation.
We then prove the following:

Theorem A (Special Quotient Theorem). Let G be a word-hyperbolic group
that is virtually the fundamental group of a compact special cube complex. Let
H1, . . . , Hr be quasiconvex subgroups of G. Then there are finite index subgroups
H ′

i ⊂Hi such that: G/〈〈H ′
1, H

′
2, . . . , H

′
r〉〉 is virtually special.

We then prove the following:

Theorem B (Quasiconvex Hierarchy ⇒ Virtually Special). Let G be a word-
hyperbolic group with a quasiconvex hierarchy, in the sense that it can be decom-
posed into trivial groups by finitely many HNN extensions and amalgamated free
products along quasiconvex subgroups. Then G is virtually special.

There are two important applications of the virtual specialness of groups with
a quasiconvex hierarchy: It is applied to hyperbolic 3-manifolds with a geomet-
rically finite incompressible surface to reveal their virtually special structure.
This resolves the subgroup separability problem for fundamental groups of such
manifolds. It also completes a proof that Haken hyperbolic 3-manifolds are vir-
tually fibered. It is also applied to resolve Baumslag’s conjecture on the residual
finiteness of one-relator groups with torsion.

The fourth part of the text deals with groups that are hyperbolic relative
to virtually abelian subgroups, and provides similar structural results for many
such groups when they also have quasiconvex hierarchies.
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asynchronously κ-fellow travel,
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Ball-Wall separation, 183
Ball-WallNbd separation, 195
base, 234
base vertex, 338
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base-wall, 233
bicollared, 125
bigon, 6
bigonal shard, 55
boundary cycle, 5, 20
boundary path, 5, 20
bridge, 338

cage, 292
cancellable pair, 40
canonical completion, 168
canonical retraction, 168
carried, 130
carrier, 4, 105, 118
CAT(0) cube complex, 4
class, 157
closeable, 208
cluster, 62
co-large, 304
codimension-1, 171, 182
collared diagram, 113
collared diagrams with k-corners,
113

combinable pair, 39
combinatorial C(n) condition, 37
commensurator, 219
compact graded system, 223
compatible, 189
complete, 228
completely full, 291
complexity, 38, 334
cone, 32
cone vertices, 109
cone-cell, 38, 44
cone-cell at infinity, 45
cone-piece, 35, 59
coned-off space, 32
conepoint, 32
conepoint of D, 38
conical, 264
connecting strip, 35
contiguous cone-piece, 35
contiguous piece, 35
contiguous wall-piece, 35
convex, 12, 13

convex core property, 201
convex hull, 16
convex subcomplex core property,
201

corner, 113
cornsquare, 9, 55
cosparsely, 191
cross, 14, 167, 233
crosses, 121
crosses itself, 166
cube complex, 3
cubical disk diagram, 6
cubical map, 169
cubical presentation, 31
cubical small-cancellation
presentation, 76

cubical thickening, 26
curvature, 50
cuts, 139

deep, 171, 182
defect of P in Yi, 99
Dehn filling, 312
diagram in a complex X, 6
diameter, 5
disk diagram, 5
distance, 5
distinct, 219
distinct conjugates, 218
divisive, 182
doubly-external, 71
drum, 43
dual, 4, 6, 166, 182
dual curve, 44
dual curves, 6
dull, 54
dummy squares, 237

edge spaces, 240
ejectable, 123, 127
elevation, 221
elliptic, 148
elliptic annulus, 148
end in parallel, 51
equivalent, 22
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equivariantly, 241
essential, 22, 89, 148, 185
essential carrier, 121
essentially, 121
expanded edge group, 292
explicit cornsquare, 48
exponent, 338
extended carrier, 122
extends, 172
extension property for
K-partitions, 172

external, 39, 71
external boundary, 44
extreme, 337
extreme 2-cell, 338

fiber-product, 220
flag complex, 3
flat annulus, 20
frontier, 15
full, 291
fully residually free, 321

generalized B(6) condition, 100
geodesic, 5
geometric K-wall, 172
geometric wall, 172
geometric wallspace, 181
graded complexity, 80
graded cubical presentation, 83
graded small-cancellation, 80
graded system, 223
grading, 83
graph group, 3
grid, 19
gridded ladder, 142

Haken, 311
halfspaces, 15, 181, 182
height, 218, 223
hexagon move, 8
hierarchy, 232, 233, 242, 311
hierarchy terminating at cube
complexes with virtually abelian
π1, 232

highest, 267
hyperplane, 4
hyperplane vertices, 109

immersed hyperplanes, 166
immersion, 12
implicitly, 52
incompressible surface, 311
independent, 306
induced angling rule, 226
induced presentation, 87
induced wallspace structure,
226

inflate, 234
inflated cone, 233
initial, 44
injectivity radius, 248
innermost, 48
innerpath, 30, 71
inter-osculate, 36, 167
internal, 39, 71
internal part, 45
intersecting conjugator, 267
interval, 16
isocore, 203
isolated, 5
isometric core property, 201

ladder, 72
large, 305, 313
length, 242
length 0, 149
length n path from x to y, 5
liftable shells, 87
limit group, 321
linear ordering, 45
linear separation property, 136
link, 3
local-isometry, 12
locally-convex, 12
locally-convex core, 25
loxodromic, 261

Magnus subcomplex, 341
Magnus subgroup, 334
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major halfspace, 15
major vertex spaces, 240
malnormal, 22, 218, 242
map between cubical presentations,
86

maximal cone, 84
medium innerpaths, 90
midcube, 4
minimal, 209, 259
minimal complexity, 38
minor vertex spaces, 240
monogon, 6
monogonal shard, 54

negatively curved angling rule, 71
negatively curved small-
cancellation presentation, 76

new generators, 335
new relators, 335
nil-external, 71
no acute corners, 104
no inversions, 121
no missing shells, 86
no missing teleshells, 276
no self-grazing, 161
nondegenerate, 44
nongon, 6
nonpositively curved, 3
nonpositively curved angling rule,
70

nonsingular, 72
nontrivial, 35, 45

omnipotent, 306
oscugon, 6
osculate, 167
osculates, 42
outermost, 338
outerpath, 30, 71, 338
outerpath of the cornsquare, 9

parabolic, 216
parallel, 33, 59
peripheral, 216
piece, 35

piecefully convex, 139
preferred, 140
projection, 33
proximate, 139
pseudo-grid, 72
pseudograph, 228

quasiconvex, 242
quasiconvex malnormal virtual
hierarchy, 244

quasiflat, 189
quasiline, 190

raag, 3
ranked complexity, 44
ranking, 43
rectangle, 44
rectified disk diagram, 45
reduced, 38, 150
relative height, 291
relatively malnormal, 291
remotely combines, 42
repetition complexity, 334
replace, 39
residually finite, 169
residually finite rational solvable,
310

RFRS, 310
right-angled Artin group, 3

segregated, 169
self-collides, 64
self-grazing, 161
self-osculates, 167
semi-collared, 123
semi-standard, 48
separable, 169
separated cyclic hierarchy, 324
separates, 181, 336
shallow, 171
shard, 46
sharp, 54
shell, 71
shells, 31
short innerpaths, 90
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singly-external, 71
singular, 5
singular 0-cell, 5
singular doubly-external, 71
small-cancellation presentation,
76

small subcones, 84
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special, 167
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split-angling, 51
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square disk diagram, 5
stable, 247
staggered, 340
star, 211
strong quasiflat, 189
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strongly separated, 136
structure graph, 109
subpresentation, 83
superconvex, 27
superconvex graded system,
223

symmetric, 222
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terminal, 44, 242
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thickened carrier, 122
thin, 157
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tiny innerpaths, 90
trace, 299
transition, 60
triangular shard, 56
trivial, 5, 33
trivial ladder, 73
type-angling, 51, 54
typing, 51

virtually almost malnormal, 219
virtually cyclic index, 283

wall, 100, 182
wall-ladder, 122
wall-piece, 35
wall-pieces, 59
WallNbd-WallNbd separation, 195
wallray, 130
walls, 109, 181
wallspace, 181
well-embedded cones, 83




